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Abstract
We provide an in…nite-horizon model of a production economy with bubbles, in which
…rms meet stochastic investment opportunities and face credit constraints. Capital is not
only an input for production, but also serves as collateral. We show that bubbles on this
reproducible asset may arise, which relax collateral constraints and improve investment
e¢ ciency. The collapse of bubbles leads to a recession. We show that there is a credit
policy that can eliminate the bubble on …rm assets and can achieve the e¢ cient allocation.
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Introduction

Historical evidence has revealed that many countries have experienced large economic ‡uctuations that may be attributed to asset price bubbles. On the other hand, a number of researchers
argue that credit market frictions are important for economic ‡uctuations (e.g., Bernanke and
Gertler (1989), Carlstrom and Fuerst (1997), Kiyotaki and Moore (1997), Bernanke, Gertler
and Gilchrist (1999), and Miao and Wang (2010)). In particular, they may amplify and propagate exogenous shocks to the economy. In this paper, we argue that credit market frictions in
the form of endogenous credit constraints may create rational bubbles on reproducible assets
and the collapse of bubbles leads to a recession.
To formalize this idea, we construct a tractable model in which households are in…nitely
lived and trade bonds and stocks of …rms. We assume households have linear utility so that
the interest rate is equal to the constant subjective discount rate. There is no aggregate
uncertainty. A continuum of …rms meet stochastic investment opportunities as in Kiyotaki and
Moore (2005, 2008) and face credit constraints. We model credit constraints in a way similar
to Kiyotaki and Moore (1997). Speci…cally, durable assets (or capital in our model) are used
not only as inputs for production, but also as collateral for loans. Borrowing is limited by the
market value of the collateral. Unlike Kiyotaki and Moore (1997) who assume that the market
value of the collateral is equal to the fundamental value of the collateralized assets, we allow
the market value to contain a bubble component. If both lenders and the credit-constrained
borrowers (…rms in our model) believe that the collateral values are high possibly because of
bubbles, …rms want to borrow more and lenders are willing to lend more. Consequently, …rms
can …nance more investment and accumulate more assets for the future production, making
their assets indeed more valuable. Because collateral values are equal to the market values of
the collateralized assets, the lenders’ and the borrowers’ beliefs are self-ful…lling and bubbles
may sustain in equilibrium. We refer to this equilibrium as the bubbly equilibrium.
Of course, there is another equilibrium in which no one believes in bubbles and hence bubbles
do not appear. We call this equilibrium bubbleless equilibrium. We provide explicit conditions
to ensure which type of equilibrium can exist. We show that if the collateral constraint is
su¢ ciently tight, then both bubbleless and bubbly equilibria can exist; otherwise, only the
bubbleless equilibrium exists. This result is intuitive. If the collateral constraint is too tight,
investors have incentives to in‡ate their asset values to relax the collateral constraint and
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bubbles may emerge. If the collateral constraint is too loose, investors can borrow enough to
make investment. There is no need for them to create bubbles.
We prove that the bubbly equilibrium has two steady states: one is bubbly and the other
is bubbleless. Both steady states are ine¢ cient due to credit constraints. We show that both
steady states are local saddle points. The stable manifold is one dimensional for the bubbly
steady state, while it is two dimensional for the bubbleless steady state. On the former stable
manifold, bubbles persist in the steady state. But on the latter stable manifold, bubbles
eventually burst.
As Tirole (1982) and Santos and Woodford (1997) point out, it is hard to generate rational
bubbles for economies with in…nitely-lived agents. The intuition is the following. A necessary
condition for bubbles to exist is that the growth rate of bubbles cannot exceed the growth
rate of the economy. Otherwise, investors cannot a¤ord to buy bubbles. In a deterministic
economy, bubbles on assets with exogenous payo¤s or on intrinsically useless assets must grow
at the interest rate by a no-arbitrage argument. Thus, the interest rate cannot exceed the
growth rate of the economy. This implies that the present value of aggregate endowments must
be in…nity. In an overlapping generation economy, this condition implies that the bubbleless
equilibrium must be dynamically ine¢ cient (see Tirole (1985)).
In our model, the growth rate of the economy is zero and the interest rate is positive. In
addition, the bubbleless equilibrium is dynamically e¢ cient. How to reconcile our result with
that in Santos and Woodford (1997) or Tirole (1985)? The key is that bubbles in our model are
on reproducible assets with endogenous payo¤s. A distinguishing feature of our model is that
bubbles on …rm assets have real e¤ects and a¤ect the payo¤s of these assets. Although a no
arbitrage equation for these bubbles still holds in that the rate of return on bubbles is equal to
the interest rate, the growth rate of bubbles is not equal to the interest rate. Rather, it is equal
to the interest rate minus the “dividend yield.” The dividend yield comes from the fact that
bubbles help relax the collateral constraints and allow …rms to make more investment. It is
equal to the arrival rate of the investment opportunity times the net bene…t of new investment
(i.e., Tobin’s marginal Q minus 1).
So far, we have only considered deterministic bubbles. Following Blanchard and Watson
(1982) and Weil (1989), we construct a third type of equilibrium with stochastic bubbles. In
this equilibrium, households believe that there is a positive probability that bubbles burst
at each date. When bubbles burst, they cannot reappear again. We show that when the
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bursting probability is small enough, an equilibrium with stochastic bubbles exists. In contrast
to Weil (1989), we show that after the bubble bursts, a recession occurs in that consumption
and output fall eventually. In addition, immediately after the bubble bursts, investment falls
discontinuously and the stock market crashes in that the stock price falls discontinuously.
What is an appropriate government policy in the wake of the bubble collapse? The ine¢ ciency in our model comes from the …rms’credit constraints. The collapse of bubbles tightens
these constraints and impair investment e¢ ciency. To overcome this ine¢ ciency, the government may issue public bonds backed by lump-sum taxes. Both households and …rms can trade
these bonds. They serve as a store of value to households and …rms, and also as collateral to
…rms. Thus, public assets can relax collateral constraints and play the same role as bubbles
do. They deliver dividends to …rms, but not to households directly. No arbitrage forces these
dividends to zero, making Tobin’s marginal Q equal to one. This leads to the e¢ cient capital
stock. To support the e¢ cient allocation in equilibrium, the government constantly retires
public bonds at the interest rate to maintain a constant total bond value and pays the interest
payments of these bonds by levying lump-sum taxes. We show that this policy also completely
eliminates the bubbles on …rm assets.
Some papers in the literature (e.g., Scheinkman and Weiss (1986), Kocherlakota (1992,
1998), Santos and Woodford (1997) and Hellwig and Lorenzoni (2009)) also …nd that in…nitehorizon models with borrowing constraints may generate bubbles. Unlike these papers which
study pure exchange economies, our paper analyzes a production economy. As mentioned
above, our paper di¤ers from these papers and most papers in the literature in that bubbles in
our model are on reproducible assets whose payo¤s are a¤ected by bubbles endogenously.1
Our paper is closely related to Caballero and Krishnamurthy (2006), Kocherlakota (2009),
Wang and Wen (2009), Farhi and Tirole (2010), and Martin and Ventura (2010). Like our
paper, these papers contain the idea that bubbles can help relax borrowing constraints and
improve investment e¢ ciency. Building on Kiyotaki and Moore (2008), Kocherlakota (2009)
studies an economy with in…nitely-lived entrepreneurs. Entrepreneurs meet stochastic investment opportunities and are subject to collateral constraints. Land is used as the collateral.
Unlike Kiyotaki and Moore (1997) or our paper, Kocherlakota (2009) assumes that land is
intrinsically useless (i.e. it has no rents or dividends) and cannot be used as an input for pro1

See Scheinkman and Xiong (2003) for a model of irrational bubbles. See Brunnermeier (2009) for a survey
of models of bubbles.
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duction. Wang and Wen (2009) provide a model similar to that in Kocherlakota (2009). They
study asset price volatility and bubbles that may grow on assets with exogenous rents. They
also assume that these assets cannot be used as an input for production.
Building on Diamond (1965) and Tirole (1985), Caballero and Krishnamurthy (2006), Farhi
and Tirole (2010), and Martin and Ventura (2010) study bubbles in overlapping-generation
models with credit constraints. Caballero and Krishnamurthy (2006) show that stochastic
bubbles are bene…cial because they provide domestic stores of value and thereby reduce capital
out‡ows while increasing investment. But they come at a cost, as they expose the country to
bubble crashes and capital ‡ow reversals. Farhi and Tirole (2010) assume that entrepreneurs
may use bubbles and outside liquidity to relax the credit constraints. They study the interplay
between inside and outside liquidity. Martin and Ventura (2010) use a model with bubbles to
shed light on the current …nancial crisis.
Our discussion of credit policy is related to Caballero and Krishnamurthy (2006) and
Kocherlakota (2009). As in their studies, government bonds can serve as collateral to relax credit constraints in my model. Unlike their proposed policies, my proposed policy requires
that government bonds be backed by lump-sum taxes and it can make the economy achieve
the e¢ cient allocation.
The rest of the paper is organized as follows. Section 2 presents the model. Section 3
derives the equilibrium system. Section 4 analyzes the bubbleless equilibrium, while Section
5 analyzes the bubbly equilibrium. Section 6 studies stochastic bubbles. Section 7 introduces
public assets and studies government credit policy. Section 8 concludes. An appendix contains
technical proofs.

2

The Base Model

We consider an in…nite-horizon economy. There is no aggregate uncertainty. Time is denoted
by t = 0; dt; 2dt; 3dt; :::: The length of a time period is dt: For analytical convenience, we shall
take the limit of this discrete-time economy as dt goes to zero when characterizing equilibrium
dynamics. Instead of presenting a continuous-time model directly, we start with the model in
discrete time in order to make the intuition transparent.
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2.1

Households

There is a continuum of identical households with a unit mass. Each household is risk neutral
and derives utility from a consumption stream fCt g according to the following utility function:
X

e

rt

Ct dt;

t2f0;dt;2dt;:::g

where r is the subjective rate of time preference.2 Households supply labor inelastically. The
labor supply is normalized to one. Households trade …rms’stocks and riskfree bonds without
any market frictions. The net supply of bonds is zero and the net supply of any stock is one.
Because there is no aggregate uncertainty, r is equal to the riskfree rate (or interest rate) and
also equal to the rate of the return for each stock.

2.2

Firms

There is a continuum of …rms with a unit mass. Firms are indexed by j 2 [0; 1] : Each …rm j

combines labor Ntj and capital Ktj to produce output according to the following Cobb-Douglas
production function:
Ytj = (Ktj ) (Ntj )1

;

2 (0; 1) :

After solving the static labor choice problem, we obtain the operating pro…ts
Rt Ktj = max(Ktj ) (Ntj )1

wt Ntj ;

Ntj

where wt is the wage rate and
Rt =

wt
1

(1)

1

:

(2)

We will show later that Rt is equal to the marginal product of capital or the rental rate of
capital.
Each …rm j meets an opportunity to make investment in capital with probability
period t. With probability 1
according to:
j
Kt+dt

=

(

dt in

dt; no investment opportunity arrives. Thus, capital evolves
(1

dt) Ktj + Itj
(1
dt) Ktj

2

with probability dt
;
with probability 1
dt

(3)

Introducing a general concave utility function allows to endogenize interest rate, but it makes analysis more
complex. It will not change our key insights.
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where

> 0 is the depreciation rate of capital and Itj is the investment level. Assume that the

arrival of the investment opportunity is independent across …rms and over time.
Let the expected …rm value (or stock value) be Vt (Ktj ): It satis…es the following Bellman
equation:
Vt (Ktj ) = max Rt Ktj dt
Itj

+e

rdt

Itj dt + e

rdt

Vt+dt ((1

dt) Ktj )(1

Vt+dt ((1

dt) Ktj + Itj ) dt

(4)

dt);

subject to some constraints on investment to be speci…ed next. As will be shown in Section
3, the optimization problem in (4) is not well de…ned if there is no constraint on investment
given our assumption of the constant returns to scale technology. Thus, we impose some upper
bound and lower bound on investment.3 For the lower bound, we assume that investment is
irreversible in that Itj

0: It turns out this constraint will never bind in our analysis below.

For the upper bound, we assume that investment is …nanced by internal funds and external
borrowing. We also assume that all …rms in our model do not access to external equity …nancing.
This assumption may be justi…ed by the fact that external equity …nancing is more costly than
debt …nancing. Our model applies better to emerging economies with less developed equity
markets.
We now write the investment constraint as:
0

Itj

Rt Ktj + Ljt ;

(5)

where Rt Ktj represents internal funds and Ljt represents loans from …nancial intermediaries. To
reduce the number of state variables and keep the model tractable, we consider intratemporal
loans. These loans may represent over-night loans and do not have interests.4
The key assumption of our model is that loans are subject to collateral constraints, as in
Kiyotaki and Moore (1997). Firm j pledges a fraction

2 (0; 1] of its assets (capital stock) Ktj

at the beginning of period t as the collateral. The parameter

may represent the tightness of

the collateral constraint or the extent of …nancial market imperfections. It is the key parameter
for our analysis below. In the end of period t, the market value of the collateral is equal to
e

rdt V

stock
3
4

t+dt (
Ktj

Ktj ): This is the discounted expected market value of the …rm if …rm j owns capital
at the beginning of period t + dt and faces the same investment constraint and

Alteratively, one may impose convex adjustment costs of investment.
In future research, it would be interesting to consider intertemporal debt with interest payments.
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collateral constraint in the future. The amount of loans Ljt cannot exceed this collateral value.
Otherwise, the …rm would choose to default on debt and lose the collateral value. Thus, we
impose the following collateral constraint:
Ljt

e

Vt+dt ( Ktj ):

rdt

(6)

In the continuous time limit, this constraint becomes
Ljt

Vt ( Ktj ):

(7)

Note that our modelling of collateral constraint is di¤erent from Kiyotaki and Moore (1997).
In their model, borrowing is limited by the market value of the assets, and this market value
is assumed to be the fundamental value. We may write the Kiyotaki-Moore-type collateral
constraint in our model framework as:
Ljt

Qt Ktj ;

(8)

where Qt is the capital price. Here, Qt Ktj is the fundamental market value of the collateralized
assets Ktj . Constraint (8) implies that …rms cannot use bubbles to relax collateral constraints.
In Section 5, we shall argue that this type of collateral constraint will rule out bubbles.

2.3

Competitive Equilibrium

Let Kt =

R1
0

Ktj dj; It =

R1
0

Itj dj; Nt =

R1
0

Ntj dj; and Yt =

R1
0

Ytj dj be the aggregate capital

stock, the aggregate investment, the aggregate labor demand, and aggregate output. Then a
competitive equilibrium is de…ned as sequences of fYt g ; fCt g ; fKt g, fIt g ; fNt g ; fwt g ; fRt g ;
fVt (Ktj )g; fItj g; fKtj g; fNtj g and fLjt g such that households and …rms optimize and markets
clear in that:
Nt = 1;
Ct + It = Yt ;
Kt+dt = (1

3

dt) Kt + It dt:

Equilibrium System

We …rst solve an individual …rm’s optimization problem (4) subject to (3), (5), and (6). We
conjecture …rm value takes the following form:
Vt (Ktj ) = vt Ktj + bt ;
7

(9)

where vt and bt are to be determined variables that depend on aggregate states only. We may
interpret vt Ktj as the fundamental value and bt as bubbles. The fundamental value is related to
the …rm’s assets Ktj and the bubbles are unrelated to them. Let Qt be the Lagrange multiplier
associated with the constraint (3) if the investment opportunity arrives. It represents the
shadow price of capital or marginal Q. The following result characterizes …rm j’s optimization
problem:
Proposition 1 Suppose Qt > 1: Then the optimal investment level when the investment opportunity arrives is given by:
Itj = Rt Ktj + Qt Ktj + Bt ;

(10)

where
Bt = e

rdt

bt+dt ;

(11)

Qt = e

rdt

vt+dt :

(12)

In addition,
vt = Rt dt + (1

dt) Qt + (Qt

bt = Bt + (Qt

1) (Rt + Qt ) dt;

1) Bt dt:

(13)
(14)

The intuition for this proposition is the following. When the investment opportunity arrives,
an additional unit of investment costs the …rm one unit of the consumption good, but generates
an additional value of Qt ; where Qt satis…es (12). This equation and equation (9) reveal that
Qt = e

rdt @Vt+dt (Kt+dt )

@Kt+dt

:

Thus, Qt represents the marginal value of the …rm following a unit increase in capital at time
t + dt in time t dollars, i.e., Tobin’s marginal Q: If Qt > 1; the …rm will make the maximal
possible level of investment. If Qt = 1; the investment level is indeterminate. If Qt < 1; the
…rm will make the minimal possible level of investment. This investment choice is similar to
Tobin’s Q theory (Tobin (1969) and Hayashi (1982)). In what follows, we impose assumptions
to ensure Qt > 1 at least in the neighborhood of the steady state equilibrium. We thus obtain
the investment rule given in (10). Substituting this rule and equation (9) into the Bellman
equation (4) and matching coe¢ cients, we obtain equations (13) and (14).
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Although our model features constant returns to scale, marginal Q is not equal to average
Q; which is is equal to
e

rdt V

t+dt (Kt+dt )

Kt+dt

+

Bt
Bt
= Qt +
:
Kt+dt
Kt+dt

Thus, the existence of stock price bubbles invalidates Hayashi’s (1982) result. In the empirical
investment literature, researchers typically use average Q to replace marginal Q under the
constant returns to scale assumption because marginal Q is not observable. Our analysis
demonstrates that the existence of collateral constraints implies that stock prices may contain
a bubble component that makes marginal Q not equal to average Q:
Next, we aggregate individual …rm’s decision rules and characterize a competitive equilibrium by a system of nonlinear di¤erence equations:
Proposition 2 Suppose Qt > 1: Then the equilibrium sequences (Bt ; Qt ; Kt ) ; for t = 0; dt;
2dt; :::; satisfy the following system of nonlinear di¤ erence equations:
Bt = e
Qt = e

rdt

[Rt+dt dt + (1

Kt+dt = (1

rdt

Bt+dt [1 + (Qt+dt

1)dt];

dt)Qt+dt + (Rt+dt + Qt+dt ) (Qt+dt

(15)
1) dt] ;

dt)Kt + (Rt Kt + Qt Kt + Bt ) dt; K0 given,

(16)
(17)

and the transversality condition:
lim e

T !1

where Rt = Kt

1

rT dt

QT KT +dt = 0,

lim e

rT dt

T !1

BT = 0;

:

When dt = 1, the above system reduces to the usual discrete-time characterization of equilibrium. However, this system is not convenient for analytically characterizing local dynamics.
We may solve this system numerically by assigning parameter values. Instead of pursuing this
route, we use analytical methods in the continuous-time limit as dt goes to zero. To compute
the limit, we use the heuristic rule dXt = Xt+dt
notation X_ t = dXt =dt: We obtain the following:

Xt for any variable Xt : We also use the

Proposition 3 Suppose Qt > 1: Then in the continuous-time limit as dt ! 0; the equilibrium
dynamics (Bt ; Qt ; Kt ) satisfy the following system of di¤ erential equations:
B_ t = rBt

Bt (Qt
9

1);

(18)

Q_ t = (r + ) Qt
K_ t =

Rt

(Rt + Qt )(Qt

1);

Kt + (Rt Kt + Qt Kt + Bt ); K0 given,

(19)
(20)

and the transversality condition:
lim e

rT

T !1

where Rt =

Kt

1

QT KT = 0,

lim e

rT

T !1

BT = 0;

. In addition, Qt = vt and Bt = bt so that the market value of …rm j is

given by Vt (Ktj ) = Qt Ktj + Bt :
After obtaining the solution for (Bt ; Qt ; Kt ) ; we can derive the wage rate wt = (1
the rental rate Rt = Kt

1

) Kt ,

; aggregate output Yt = Kt ; aggregate investment
It = Rt Kt + Qt Kt + Bt ;

and aggregate consumption Ct = Yt

(21)

It : Clearly there are two types of equilibrium. The …rst

type is bubbleless, for which Bt = 0 for all t: In this case, the market value of …rm j is equal
to its fundamental value in that Vt (Ktj ) = Qt Ktj . The second type is bubbly, for which Bt 6= 0
for some t: We assume that assets can be freely disposed of so that the bubbles Bt cannot be
negative. In this case, …rm value contains a bubble component in that Vt (Ktj ) = Qt Ktj + Bt :
We next study these two types of equilibrium.

4

Bubbleless Equilibrium

In a bubbleless equilibrium, Bt = 0 for all t: Equation (18) becomes an identity. We only need
to focus on (Qt ; Kt ) determined by the di¤erential equations (19) and (20) in which Bt = 0 for
all t. In the continuous time limit, vt = Qt
We …rst analyze the steady state. In the steady state, all aggregate variables are constant
over time so that Q_ t = K_ t = 0. We use X to denote the steady state value of any variable Xt :
By (19) and (20), we obtain the following steady-state equations:
0 = (r + ) Q
0=

R

(R + Q)(Q

K + (RK + QK):

1);

(22)
(23)

We use a variable with an asterisk to denote its value in the bubbleless equilibrium. Solving
equations (22)-(23) yields:
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Proposition 4 (i) If
(1

)

r;

(24)

then there exists a unique bubbleless equilibrium with Qt = QE
is the e¢ cient capital stock satisfying

(KE )

1

1 and Kt = KE ; where KE

=r+ :

(ii) If
0<

<

(1

)

r;

(25)

then there exists a unique bubbleless steady-state equilibrium with
Q
(K )

1

=
=

(1
(1

1
;
r+
) r
+ :
r+
)

(26)
(27)

In addition, K < KE :
Assumption (24) says that if …rms pledge su¢ cient assets as the collateral, then the collateral
constraints will not bind in equilibrium. The competitive equilibrium allocation is the same
as the e¢ cient allocation. The e¢ cient allocation is achieved by solving a social planner’s
problem in which the social planner maximizes the representative household’s utility subject to
the resource constraint only. Note that we assume that the social planner also faces stochastic
investment opportunities, like …rms in a competitive equilibrium. Thus, one may view our
de…nition of the e¢ cient allocation as the constrained e¢ cient allocation. Unlike …rms in a
competitive equilibrium, the social planner is not subject to collateral constraints.
Assumption (25) says that if …rms do not pledge su¢ cient assets as the collateral, then
the collateral constraints will be su¢ ciently tight so that …rms are credit constrained in the
neighborhood of the steady-state equilibrium in which Q > 1. We can then apply Proposition
3 in this neighborhood. Proposition 4 also shows that the steady-state capital stock for the
bubbleless competitive equilibrium is less than the e¢ cient steady-state capital stock. This
re‡ects the fact that not enough resources are transferred from savers to investors due to the
collateral constraints.
Next, we study the stability of the steady state and the dynamics of the equilibrium system.
We use the phase diagram in Figure 1 to describe the two dimensional dynamic system for
(Qt ; Kt ) : It is straightforward to show that the K_ t = 0 locus is upward sloping. Above this
line, K_ t < 0, and blow this line K_ t > 0: Turn to the Q_ t = 0 locus. One can verify that on
11

Figure 1: Phase diagram for the dynamics of the bubbleless equilibrium.

the Q_ t = 0 locus, dK=dQjQ!1 < 0 and dK=dQjQ!1 > 0: But for general Q > 1; we cannot
determine the sign of dK=dQ: Above the Q_ t = 0 line, Q_ t > 0; and below the Q_ t = 0 line,
Q_ t < 0: In addition, the Q_ t = 0 line and the K_ t = 0 line have only one crossing point at the
steady state (Q ; K ) : The slope along the K_ t = 0 line is always larger than that along the
Q_ t = 0 line. For Q < Q , the Q_ t = 0 line is above the K_ t = 0 line. For Q > Q ; the opposite
is true. In summary, two cases may happen as illustrated in Figure 1. For both cases, there is
a unique saddle path such that for any given initial value K0 ; when Q0 is on the saddle path,
the economy approaches the long-run steady state.

5

Bubbly Equilibrium

In this section, we study bubbly equilibrium in which Bt > 0 for some t: We shall analyze the
dynamic system for (Bt ; Qt ; Kt ) given in (18)-(20). Before we conduct a formal analysis later,
we …rst discuss the intuition for why bubbles can exist in our model. The key is to understand
equation (18), rewritten as:
B_ t
+ (Qt
Bt

1) = r; for Bt 6= 0:

(28)

The …rst term on the left-hand side is the rate of capital gains of bubbles. The second term
represents “dividend yields”, as we will explain below. Thus, equation (18) or (28) re‡ects a
12

no-arbitrage relation in that the rate of return on bubbles must be equal to the interest rate. A
similar relation also appears in the literature on rational bubbles, e.g., Blanchard and Watson
(1982), Tirole (1985), Weil (1987, 1993), and Farhi and Tirole (2010). This literature typically
studies bubbles on zero-payo¤ assets or assets with exogenously given payo¤s. In this case, the
second term on the left-hand side of (28) vanishes and bubbles grow at the rate of interest.
If we adopt collateral constraint (8) as in Kiyotaki and Moore (1997), then we can also show
that bubbles grow at the rate of interest. In an in…nite-horizon economy, the transversality
condition rules out these bubbles. In an overlapping generation economy, for bubbles to exist,
the interest rate must be less than the growth rate of the economy in the bubbleless equilibrium.
This means that the bubbleless equilibrium must be dynamically ine¢ cient (see Tirole (1985)).
Unlike this literature, bubbles in our model are on reproducible real assets and also in‡uence
their fundamentals (or dividends). Speci…cally, each unit of the bubble raises the collateral value
by one unit and hence allows the …rm to borrow an additional unit. The …rm then makes one
more unit of investment when investment opportunity arrives. This unit of investment raises
…rm value by Qt : Subtracting one unit of costs, we then deduce that the second term on the
left-hand side of (28) represents the net increase in …rm value for each unit of bubbles. This
is why we call this term dividend yields. Dividend payouts make the growth rate of bubbles
less than the interest rate. Thus, the transversality condition cannot rule out bubbles in our
model. We can also show that the bubbleless equilibrium is dynamically e¢ cient in our model.
Speci…cally, the golden rule capital stock is given by KGR = ( = )

1
1

: One can verify that

K < KGR : Thus, one cannot use the condition for the overlapping generation economies in
Tirole (1985) to ensure the existence of bubbles. Below we will give new conditions to ensure
the existence of bubbles in our model.

5.1

Steady State

We …rst study the existence of a bubbly steady state in which B > 0: We use a variable with a
subscript b to denote this variable’s bubbly steady state value. By Proposition 3, (B; Qb ; Kb )
satis…es equations (22) and
0 = rB
0=

B (Q

1);

K + [RK + QK + B] :
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(29)
(30)

Proposition 5 There exists a bubbly steady state satisfying
r+ + r+
1+r

B
=
Kb

Qb =
(Kb )

1

=

(1

r

> 0;

+ 1;

)r +
1+r

(31)
(32)

r

+1 ;

(33)

if and only if the following condition holds:
0<

<

(1
r+

)

r:

(34)

In addition, (i) Qb < Q ; (ii) KGR > KE > Kb > K , and (iii) the bubble-asset ratio B=Kb
decreases with :
From equations (22), (29) and (30), we can immediately derive (31)-(33). We can then
immediately see that condition (34) is equivalent to B=Kb > 0. This condition reveals that
bubbles occur when

is su¢ ciently small or the collateral constraint is su¢ ciently tight. The

intuition is the following. When the collateral constraint is too tight, …rms prefer to overvalue
their assets in order to raise their collateral value. In this way, they can borrow more and invest
more. As a result, bubbles may emerge. If the collateral constraint is not tight enough, …rms
can borrow su¢ cient funds to …nance investment. They have no incentive to create a bubble.
Note that condition (34) implies condition (25). Thus, if condition (34) holds, then there
exist two steady state equilibria: one is bubbleless and the other is bubbly. The bubbleless
steady state is analyzed in Proposition 4. Propositions 5 and 4 reveal that the steady-state
capital price is lower in the bubbly equilibrium than in the bubbleless equilibrium, i.e., Qb < Q .
The intuition is as follows. In a bubbleless or a bubbly steady state, the investment rate must
be equal to the rate of capital depreciation such that the capital stock is constant over time
(see equations (23) and (30)). Bubbles relax collateral constraints and induce …rms to make
more investment, compared to the case without bubbles. To maintain the same steady-state
investment rate, the capital price in the bubbly steady state must be lower than that in the
bubbleless steady state.
Do bubbles crowd out capital in the steady state? In Tirole’s (1985) overlapping generation
model, households may use part of savings to buy bubble assets instead of accumulating capital.
Thus, bubbles crowd out capital in the steady state. In our model, bubbles are on reproducible
14

assets. If the capital price is the same for both bubbly and bubbleless steady states, then bubbles
induce …rms to investment more and hence to accumulate more capital stock. However, there
is a general equilibrium price feedback e¤ect as discussed earlier. The lower capital price in the
bubbly steady state discourages …rms to accumulate more capital stock. The net e¤ect is that
bubbles lead to higher capital accumulation, unlike Tirole’s (1985) result. However, bubbles
still do not lead to the e¢ cient allocation. The capital stock in the bubbly steady state is still
lower than that in the e¢ cient allocation.
How does the tightness of collateral constraint a¤ect the size of bubbles. Proposition 5
shows that a tighter collateral constraint (i.e., a smaller ) leads to a larger size of bubbles
relative to capital. This is intuitive. Facing a tighter collateral constraint, …rms have more
incentives to generate larger bubbles to …nance investment.

5.2

Dynamics

Now, we study the stability of the two steady states and the local dynamics around these steady
states. Since the equilibrium system (18)-(20) is three dimensional, we cannot use the phase
diagram to analyze its stability. We thus consider a linearized system and obtain the following:
Proposition 6 Suppose condition (34) holds. Then both the bubbly steady state (B; Qb ; Kb )
and the bubbleless steady state (0; Q ; K ) are local saddle points for the nonlinear system (18)(20).
More formally, in the appendix, we prove that for the nonlinear system (18)-(20), there is a
neighborhood N

R3+ of the bubbly steady state (B; Qb ; Kb ) and a continuously di¤erentiable

function

: N ! R2 such that given any K0 there exists a unique solution (B0 ; Q0 ) to the

equation

(B0 ; Q0 ; K0 ) = 0 with (B0 ; Q0 ; K0 ) 2 N ; and (Bt ; Qt ; Kt ) converges to (B; Qb ; Kb )

starting at (B0 ; Q0 ; K0 ) as t approaches in…nity. The set of points (B; Q; K) satisfying the
equation

(B; Q; K) = 0 is a one dimensional stable manifold of the system. If the initial value

(B0 ; Q0 ; K0 ) is on the stable manifold, then the solution to the nonlinear system (18)-(20) is
also on the stable manifold and converges to (B; Qb ; Kb ) as t approaches in…nity.
Although the bubbleless steady state (0; Q ; K ) is also a local saddle point, the local dynamics around this steady state are di¤erent. In the appendix, we prove that the stable
manifold for the bubbleless steady state is two dimensional. Formally, there is a neighborhood
N

R3+ of (0; Q ; K ) and a continuously di¤erentiable function
15

: N

! R such that

given any (B0 ; K0 ) there exists a unique solution Q0 to the equation

(B0 ; Q0 ; K0 ) = 0 with

(B0 ; Q0 ; K0 ) 2 N ; and (Bt ; Qt ; Kt ) converges to (0; Q ; K ) starting at (B0 ; Q0 ; K0 ) as t approaches in…nity. Intuitively, along the two dimensional stable manifold, the bubbly equilibrium
is asymptotically bubbleless in that bubbles will burst eventually.

6

Stochastic Bubbles

So far, we have focused on deterministic bubbles. Following Blanchard and Watson (1982) and
Weil (1987), we now study stochastic bubbles. Consider a discrete-time economy described as
in Section 2. Suppose a bubble exists initially, B0 > 0. In each time interval between t and
t + dt, there is a constant probability dt that the bubble bursts, Bt+dt = 0. Once it bursts, it
will never be valued again in the future so that B = 0 for all
probability 1

t + dt. With the remaining

dt; the bubble persists so that Bt+dt > 0. Later, we will take the continuous

time limits as dt ! 0:
First, we consider the case in which the bubble has collapsed. This corresponds to the
bubbleless equilibrium studied in Section 4. We use a variable with an asterisk (except for Kt )
to denote its value in the bubbleless equilibrium. In particular, Vt (Ktj ) denotes …rm j’s value
function. In the continuous-time limit, (Qt ; Kt ) satis…es the equilibrium system (19) and (20)
with Bt = 0. We may express the solution for Qt in a feedback form in that Qt = g (Kt ) for
some function g:
Next, we consider the case in which the bubble has not bursted. We write …rm j’s dynamic
programming problem as follows:
Vt (Ktj ) = max Rt Ktj dt

Itj dt

(35)

+e

rdt

(1

dt) Vt+dt ((1

dt)Ktj + Itj ) dt

+e

rdt

(1

dt) Vt+dt ((1

dt)Ktj ) (1

+e

rdt

dt Vt+dt ((1

dt)Ktj + Itj ) dt

+e

rdt

dt Vt+dt ((1

dt)Ktj ) (1

dt)

dt)

subject to (5) and
Ljt

e

rdt

Vt+dt ( Ktj ) (1

dt) + e

rdt

Vt+dt ( Ktj ) dt:

(36)

We conjecture that the value function takes the form:
Vt (Ktj ) = vt Ktj + bt ;
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(37)

where vt and bt are to be determined variables that are independent of Ktj : As we have shown
in Section 4, when the bubble bursts, the value function satis…es:
Vt (Ktj ) = vt Ktj :

(38)

Substituting the above two equations into (35) and simplifying, we rewrite the …rm’s dynamic
programming problem as:
vt Ktj + bt = max Rt Ktj dt

Itj dt + Qt (1

dt)Ktj + Qt Itj dt + Bt ;

(39)

subject to
0
where we de…ne Qt = e

Itj

Rt Ktj + Qt Ktj + Bt ;

(40)

rdt v
t+dt ;

Qt = e

rdt

(1

Bt = e

rdt

dt)vt+dt + vt+dt dt ;

(41)

(1

(42)

dt)bt+dt :

Suppose Qt > 1: Then optimal investment achieves the upper bound in (40). Substituting this
investment level into equation (39) and matching coe¢ cients on the two sides of this equation,
we obtain:
vt = Rt dt + Qt (1

dt) + (Qt

bt = Bt + (Qt

1)(Rt + Qt )dt;

1)Bt dt:

(43)
(44)

As in Section 3, we conduct aggregation to obtain the discrete-time equilibrium system. We
then take the continuous-time limits as dt ! 0 to obtain the following:
Proposition 7 Suppose Qt > 1: When the bubble does not burst, the equilibrium with stochastic
bubbles (Bt ; Qt ; Kt ) satis…es the following system of di¤ erential equations:
B_ t = (r + )Bt
Q_ t = (r + + )Qt
and (20), where Rt = Kt

1

Qt

(Qt
Rt

1)Bt ;
(Qt

1)(Rt + Qt );

and Qt = g (Kt ) is the capital price after the bubble bursts.
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(45)
(46)

Equation (45) reveals that the rate of return on bubbles is equal to r + , which is higher
than the interest rate. This re‡ects risk premium because the stochastic bubble is risky. In
general, it is hard to characterize the equilibrium with stochastic bubbles. Following Weil
(1987) and Kocherlakota (2009), we consider a stationary equilibrium with stochastic bubbles
that has the following properties: The capital stock is constant at the value Ks over time before
the bubble collapses. It continuously moves to the bubbleless steady state value K after the
bubble collapses. The bubble is also constant at the value Bs > 0 before the bubble collapses.
It jumps to zero and then stays at this value after the bubble collapses. The capital price
is constant at the value Qs before the bubble collapses. It jumps to the value g (K) after it
collapses and then converges to the bubbleless steady-state value Q given in equation (26).
Our objective is to show the existence of (Bs ; Qs ; Ks ) : By (45), we can show that
Qs =

r+

+ 1:

(47)

Since Qs > 1, we can apply Proposition 7 in some neighborhood of Qs : Equation (46) implies
that
0 = (r + + )Qs
where R = K

1:

g (K)

R

(Qs

1)(R + Qs );

(48)

The solution to this equation gives Ks : Once we obtain Ks and Qs ; we use

equation (30) to determine Bs :
The di¢ cult part is to solve for Ks : In doing so, we de…ne
r+
That is,

+1=

(1

)

1
r+

such that

=Q :

(49)

is the bursting probability such that the capital price in the stationary equilibrium

with stochastic bubbles is the same as that in the bubbleless equilibrium.
Proposition 8 Let condition (34) hold. If 0 <

<

, then there exists a stationary equilib-

rium (Bs ; Qs ; Ks ) with stochastic bubbles such that Ks > K . In addition, if

is su¢ ciently

small, then consumption also falls eventually after the bubble bursts.
As in Weil (1987), a stationary equilibrium with stochastic bubbles exists if the probability
that the bubble will burst is su¢ ciently small. In Weil’s (1987) overlapping-generation model,
the capital stock and output eventually rise after the bubble collapses. In contrast to his result,
in our model the economy enters a recession after the bubble bursts in that consumption, capital

18

0.08

1.55

3

0.075

1.5
1.45
1.4

2.8
2.6

0.07
0.065

2.4

0

50

100

2.2

150

0.06

0

50

100

150

0.055

27

11

1.5

26.5

10.5

1.45
1.4
1.35
1.3

Marginal Q

1.55

Stock Price

Consumption

1.35

Investment

3.2

Capital

Output

1.6

26
25.5
25

0

50

100

150

24.5

0

50

0

50

100

150

100

150

10
9.5
9
8.5

0

Time

50

100
Time

150

8

Time

Figure 2: This …gure plots the dynamics of the stationary equilibrium with stochastic bubbles.
Assume that the bubble bursts at time t = 20: Set the paramter values as follows: r = 0:02;
= 0:4; = 0:025; = 0:05; = 0:01; and = 0:2:

and output fall eventually. The intuition is that the collapse of the bubble tightens the collateral
constraint and impairs investment e¢ ciency.
Proposition 8 compares the economy before the bubble collapses with the economy after
the bubble collapses only in the steady state. It would be interesting to see what happens
in the transition path. Since analytical results are not available, we solve the transition path
numerically and present the results in Figure 2.5 In this numerical example, we assume that
the bubble collapses at time t = 20: Immediately after the bubble collapses, investment falls
discontinuously and then gradually decreases to its bubbleless steady-state level. But output
and capital decrease continuously to their bubbleless steady-state levels. Consumption rises
initially because of the fall of investment. But it quickly falls and then decreases to its bubbleless
steady-state level. Importantly, the stock market crashes immediately after the bubble collapses
in that the stock price drops discontinuously. Note that Tobin’s marginal Q rises immediately
after the bubble collapses and then gradually rises to its bubbleless steady-state value. This
5

We set some arbitrary parameter values as in Figure 2. The model is stylized and cannot be calibrated to
match the data.
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re‡ects the fact that the capital stock gradually falls after the bubble collapses. Note that
marginal Q is not equal to average Q given the constant-returns-to-scale assumption in our
model because of the presence of bubbles.

7

Public Assets and Credit Policy

We have shown that the collapse of bubbles generates a recession. Is there a government
policy that restores economic e¢ ciency? The ine¢ ciency of our model comes from the credit
constraints. In our model, …rms can use internal funds and external loans to …nance investment.
External loans are subject to collateral constraints. Bubbles help relax these constraints, while
the collapse of bubbles tightens them.
Now we suppose that the government can supply liquidity to the …rms by issuing one-period
public bonds. These bonds are backed by lump-sum taxes. Households and …rms can buy and
sell these bonds. Firms can also use them as collateral to relax their collateral constraints.
Let the supply of the government bonds be Mt and the bond price be Pt : We start with
the discrete-time environment described as in Section 2. The value of the government assets
satis…es:
Mt Pt = Tt dt + Mt+dt Pt ;

(50)

where Tt denotes lump-sum taxes. Taking the continuous-time limits yields:
M_ t Pt =

Tt :

(51)

It is more convenient to de…ne Dt = Pt Mt : Then use the fact that D_ t = P_t Mt + M_ t Pt to rewrite
(51) as:
D_ t

P_t Mt = D_ t

P_t
Dt =
Pt

Tt if Pt > 0:

(52)

Since households are assumed to be risk neutral, from their optimization problem, we
immediately obtain the asset pricing equation for the government bonds: Pt = e

rdt P

t+dt :

Taking the continuous-time limit yields:
P_t = rPt ;

(53)

which implies that the growth rate of the government bond price is equal to the interest rate.
Now we turn to …rms’optimization problem below.
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7.1

Equilibrium after the Bubble Bursts

We solve …rms’ dynamic optimization problem by dynamic programming. We start with the
case in which the bubble has collapsed. Because …rms can trade public assets, holdings of
government bonds are another state variable. We write …rm j’s dynamic programming problem
as follows:
Vt (Ktj ; Mtj ) = max Rt Ktj dt

Itj dt + Pt (Mtj

j
Mt+dt
)

(54)

+e

rdt

Vt+dt ((1

j
dt) Ktj + Itj ; Mt+dt
) dt

+e

rdt

Vt+dt ((1

j
dt) Ktj ; Mt+dt
) (1

dt);

subject to (5) and
Ljt

e

rdt

Ktj ; 0 + Pt Mtj ;

Vt+dt
j
Mt+dt

(55)

0;

(56)

where Mtj denotes the amount of government assets held by …rm j: In equilibrium,

R

Mtj dj =

Mt : Equation (55) indicates that …rms use government assets as collateral. The expression
e

rdt V

t+dt

Ktj ; 0 gives the market value of the collateralized assets Ktj : Equation (56) is a

short-sale constraint, which rules out Ponzi schemes for public assets.
As in Section 3, we conjecture the value function takes the form:
Vt (Ktj ; Mtj ) = vt Ktj + vt M Mtj ;

(57)

where vt and vt M are to be determined variables, that are independent of Ktj or Mtj : Because
bubbles have collapsed, there is no bubble term in this conjecture. We de…ne
Qt = e

rdt

vt+dt ; Qt M = e

rdt

M
:
vt+dt

We can then rewrite (54) as:
vt Ktj + vt M Mtj

= max Rt Ktj dt

Itj dt + Pt (Mtj

j
Mt+dt
)

j
dt)Ktj + Qt Itj dt + Qt M Mt+dt
;

+Qt (1

(58)

subject to
0

Itj

Rt Ktj + Qt Ktj + Pt Mtj ;
j
Mt+dt
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0:

(59)
(60)

When Qt > 1; optimal investment achieves the upper bond. For an interior solution for the
optimal holdings of government assets to exist, we must have Pt = Qt M : Matching coe¢ cients
of Ktj and Mtj as well as the constant terms on the two sides of (58), we obtain (13), (14), and
vt M = Pt + (Qt

1)Pt dt:

As in Proposition 2, we may conduct aggregation and derive the equilibrium system for
(Pt ; Qt ; Kt ) in the discrete time case. As in Proposition 3, the continuous-time limits satisfy the following di¤erential equations:
P_t = rPt
K_ t =

Pt (Qt

1);

(61)

Kt + (Rt Kt + Qt Kt + Bt + Pt Mt ); K0 given,

(62)

and an equation analogous to (19) for Qt . In addition, the transversality condition
lim e

T !1

rT

PT MT = 0;

and other transversality conditions for Kt and Bt as in Proposition 3 must be satis…ed. Here,
we omit the detailed derivation of these conditions and the above di¤erential equations.
Equation (61) is an asset pricing equation from the …rms’ trading. It is identical to the
asset pricing equation (18) for the bubble. This is because the government bonds and the
bubble on …rm assets play the same role for the …rms in that both of them can be used to relax
the collateral constraints. The dividend yield of the government bonds to the …rms is equal
to (Qt

1) when the bond price is positive. By contrast, there is no dividend yield to the

households, as revealed by equation (53).
Comparing (53) with (61), we deduce that Qt = 1: Substituting it into equation (19) reveals
that Rt = r + : This equation gives the e¢ cient capital stock KE : To support this capital
stock in equilibrium, we need the value of the government debt Dt = Pt Mt to satisfy equation
(62) for Kt = KE : Solving yields:
Dt = D

KE

1

r

>0

By equations (53) and (52), we deduce that the lump-sum taxes must satisfy Tt = T
all t:
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(63)
rD for

7.2

Equilibrium before the Bubble Bursts

Now, we turn to the equilibrium before the bubble bursts. We have to modify the dynamic
programming problem (35) by incorporating trading of government bonds. By an analysis
similar to that in the previous subsection and in Section 6, we can derive the continuous-time
equilibrium system for (Pt ; Bt ; Qt ; Kt ) before the bubble collapse. This system is given by
equations (61), (45), (46) and
K_ t =

Kt + (Rt Kt + Qt Kt + Bt + Pt Mt ); K0 given.

(64)

By a no-arbitrage argument similar to that in the previous subsection, we deduce that
Qt = 1: By equation (46) and Qt = 1; we deduce that Rt = r + ; which gives the e¢ cient
capital stock KE : In addition, Qt = 1 and equation (45) imply that Bt = 0 for all t: The bubble
on the …rm assets cannot be sustained in equilibrium because its dividend yield is zero and
thus its growth rate is equal to r + ; which is higher than the zero rate of economic growth.
Equation (64) gives the value of the government debt Dt = Pt Mt that supports the above
e¢ cient allocation.
We summarize the above analysis in the following proposition and relegate its detailed proof
in the appendix.
Proposition 9 Suppose assumption (34) holds. Let the government issues a constant value D
of government debt given by (63), which is backed by lump-sum taxes Tt = T

rD for all t:

Then this credit policy will eliminate the bubble on …rm assets and make the economy achieve
the e¢ cient e¢ cient allocation.
This proposition indicates that the government can design a credit policy that eliminates
bubbles and achieves the e¢ cient allocation. The key intuition is that the government may
provide su¢ cient liquidity to …rms so that …rms do not need to rely on bubbles to relax credit
constraints. The government plays the role of …nancial intermediaries by transferring funds from
households to …rms directly so that …rms can overcome credit constraints. The government
bond is a store of value and can also generate dividends to …rms. The dividend yield is equal
to the net bene…t from new investment. For households, the government bond is just a store of
value. No arbitrage forces the dividend yield to zero, which implies that the capital price must
be equal to one. As a result, the economy can achieve the e¢ cient allocation.
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To implement the above policy. The government constantly retires the public bonds at
the interest rate in order to maintain the total bond value constant. To back the government
bonds, the government levies constant lump-sum taxes equal to the interest payments of bonds.

7.3

Discussion

An important part of the above credit policy is that the public bonds must be backed by lumpsum taxes. What will happen if they are unbacked assets? In this case, equation (50) implies
that Mt is constant over time since Tt = 0: We thus normalize Mt = 1 for all t: Our previous
asset pricing equations for public bonds still apply here. Thus, if Pt > 0; then Qt = Qt = 1;
which implies that Kt = KE for all t: However, the capital accumulation equations (62) and
(64) imply that the public bond price Pt must be constant over time, contradicting with the
asset pricing equations for bonds. Thus, in equilibrium Pt = 0: The intuition is that the public
bond is a bubble when it is an unbacked asset. Its rate of return or its growth rate is equal to
the interest rate which is higher than the zero economic growth rate. Thus, the bubble cannot
sustain in equilibrium.

8

Conclusion

In this paper, we provide an in…nite-horizon model of a production economy with bubbles,
in which …rms meet stochastic investment opportunities and face credit constraints. Capital
is not only an input for production, but also serves as collateral. We show that bubbles on
this reproducible asset may arise, which relax collateral constraints and improve investment
e¢ ciency. The collapse of bubbles leads to a recession, even though there is no exogenous
shock to the fundamental of the economy. Immediately after the collapse, investment falls
discontinuously and the stock market crashes in that the stock price falls discontinuously. In
the long run, output, investment, consumption, and capital all fall to their bubbleless steadystate values. We show that there is a credit policy that can eliminate the bubble on …rm assets
and can achieve the e¢ cient allocation.
We focus on …rms’ credit constraints, but not on households’ borrowing constraints. In
addition, we consider complete markets economies in which all …rm assets are publicly traded
in a stock market. We study bubbles on these assets. Thus, our analysis provides a theory
of the creation and collapse of stock price bubbles. Our analysis di¤ers from most studies
in the existing literature that analyze bubbles on intrinsically useless assets or on assets with
24

exogenously given rents or dividends. In future research, it would be interesting to consider
households’ borrowing constraints or incomplete markets economies and then study the role
of bubbles in this kind of environments. Finally, there is no economic growth in the present
paper. In our work in progress, Miao and Wang (2011) extends the present paper to study
endogenous growth.

25

A

Appendix

Proof of Proposition 1:

Substituting the conjecture (9) into (4) and (6) yields:

vt Ktj + bt = max Rt Ktj dt
+ (1

dt) e

Ljt

e

rdt

rdt

Itj dt + e

rdt

j
vt+dt Kt+dt
dt

vt+dt (1

dt) Ktj + Bt ;

(65)

vt+dt Ktj + Bt ;

(66)

j
satis…es (3) for the case with the arrival of the investment
where Bt is de…ned in (11) and Kt+dt

opportunity. We combine (5) and (66) to obtain:
0

Itj

Rt Ktj + e

rdt

vt+dt Ktj + Bt :

(67)

Let Qt be the Lagrange multiplier associated with (3) for the case with the arrival of the
j
investment opportunity. The …rst-order condition with respect to Kt+dt
delivers equation (12).

When Qt > 1; we obtain the optimal investment rule in (10). Plugging (10) and (3) into the
Bellman equation (65) and matching coe¢ cients of Ktj and the terms unrelated to Ktj ; we
obtain (13) and (14).

Q.E.D.

Proof of Proposition 2:

Using the optimal investment rule in (10) and aggregating equation

(3), we obtain the aggregate capital accumulation equation (17) and the aggregate investment
equation (21). Substituting (14) into (11) yields (15). Substituting (13) into (12) yields (16).
The …rst-order condition for the static labor choice problem (1) gives wt = (1
We then obtain (2) and Ktj = Ntj (wt = (1

) (Ktj =Ntj ) .

))1= : Thus, the capital-labor ratio is identical for

each …rm. Aggregating yields Kt = Nt (wt = (1

))1= : Using this equation to substitute out

wt in (2) yields Rt = Kt 1 Nt1 = Kt 1 : Aggregate output satis…es
Z
Z
Z
j
j 1
j
j
j
j
j
Yt = (Kt ) (Nt )
dj = (Kt =Nt ) Nt dj = (Kt =Nt )
Ntj dj = Kt Nt1
This completes the proof.
Proof of Proposition 3:

Q.E.D.
By equation (17),

Kt+dt Kt
=
dt

Kt + [Rt + Qt Kt + Bt ] :
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:

Taking limit as dt ! 0 yields equation (20). Using the approximation erdt = 1 + rdt in equation
(15) yields:
Bt (1 + rdt) = Bt+dt [1 + (Qt+dt

1)dt] :

Simplifying yields:
Bt

Bt+dt
+ rBt = Bt+dt (Qt+dt
dt

1):

Taking limits as dt ! 0 yields equation (18). Finally, we approximate equation (16) by:
Qt (1 + rdt) = Rt+dt dt + (1

dt)Qt+dt + (Rt+dt + Qt+dt ) (Qt+dt

1) dt:

Simplifying yields:
Qt

Qt+dt
+ rQt = Rt+dt
dt

Qt+dt + (Rt+dt + Qt+dt ) (Qt+dt

1) :

Taking limit as dt ! 0 yields equation (19).
We may start with a continuous-time formulation directly. The Bellman equation in continuous time satis…es
rV K j ; S

= max RK j
Ij

Ij +

V Kj + Ij; S

V Kj; S

_
K j VK K j ; S + VS K j ; S S;
where S = (B; Q) represents the vector of aggregate state variables. We may derive this
Bellman equation by taking limits in (4) as dt ! 0: Conjecture V K j ; B; Q = QK j + B: We
can then solve the above Bellman equation. After aggregation, we can derive the system of
di¤erential equations in the proposition.
Proof of Proposition 4:

Q.E.D.

(i) The social planner solves the following problem:
Z 1
max
e rt (Kt
It ) dt
It

0

subject to
K_ t =

Kt + It ; K0 given

where Kt is the aggregate capital stock and It is the investment level for each …rm with the
arrival of the investment opportunity. From this problem, we can derive the e¢ cient capital
stock KE ; which satis…es

(KE )

1

= r + : The e¢ cient output, investment and consumption

levels are given by YE = (KE ) ; IE = = KE ; and CE = (KE )
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KE ; respectively.

From the proof of Proposition 1, we can rewrite (65) as:
vt Ktj = max Rt Ktj dt

Itj dt + Qt (1

dt)Ktj + Qt Itj dt:

(68)

Suppose assumption (24) holds. We conjecture Q = 1 and Qt = 1. Substituting this conjecture
into the above equation and matching coe¢ cients of Ktj give:
vt = Rt dt + 1
Since Qt = e

rdt v
t+dt

dt:

= 1; we have erdt = Rt+dt dt + 1

dt: Approximating this equation

yields:
1 + rdt = Rt+dt dt + 1
Taking limits as dt ! 0 gives Rt = r +

=

Kt

1

dt:

: Thus, Kt = KE : Given this constant

capital stock for all …rms, the optimal investment level satis…es Kt = It : Thus, It =Kt = = :
We can easily check that assumption (24) implies that
= It =Kt

Rt + = r + + :

Thus, the investment constraint (5) or (67) is satis…ed for Qt = 1 and Bt = 0: We conclude
that the solutions Qt = 1, Kt = KE ; and It =Kt = = give the bubbleless equilibrium, which
also delivers the e¢ cient allocation.
(ii) Suppose (25) holds. Conjecture Qt > 1 in some neighborhood of the bubbleless steady
state. We can then apply Proposition 3 and derive the steady-state equations (22) and (23).
From these equation, we obtain the steady-state solution Q and K in (26) and (27), respectively. Assumption (25) implies that Q > 1: By continuity, Qt > 1 in some neighborhood of
(Q ; K ) : This veri…es our conjecture.
Proof of Proposition 5:

Q.E.D.

Solving equations (22), (29), (30) yields equations (31)-(33). By

(31), B > 0 if and only if (34) holds. From (26) and (32), we deduce that Qb < Q : Using
condition (34), it is straightforward to check that KGR > KE > Kb > K . From (31), it is also
straightforward to verify that the bubble-asset ratio B=Kb decreases with :

Q.E.D.

First, we consider the log-linearized system around the bubbly
^ t to denote the percentage deviation from the steady state
steady state (B; Qb ; Kb ) : We use X
Proof of Proposition 6:
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^ t = ln Xt
value for any variable Xt , i.e., X
given by:

ln X: We can show that log-linearized system is

2

where

2

A=4

^t 3
B
^t 5 ;
Q
^t
K

2
^t =dt 3
dB
^ t =dt 5 = A 4
4 dQ
^ t =dt
dK
0
0
B=Kb

3
0
[(1
)r + ](1
) 5:
( Rb (1
) + B=Kb )

(r + )
(r+ + )(r+ )
1+r

(r + )

We denote this matrix by:

2

(69)

3
0 a 0
A = 4 0 b c 5;
d e f

where we deduce from (69) that a < 0, b > 0, c > 0, d > 0; e > 0; and f < 0: We compute the
characteristic equation for the matrix A:
x3

F (x)
We observe that F (0) =

(b + f )x2 + (bf

ce)x

acd > 0 and F ( 1) =

the above equation, denoted by

acd = 0:

1. Thus, there exists a negative root to

< 0. Let the other two roots be

1

(70)

2

and

3:

We rewrite F (x)

as:
F (x) = (x

1 )(x

= x3

(

1

2 )(x

+

2

3)

2
3 )x

+

+(

1 2

Matching terms in equations (70) and (71) yields
1 2

We consider two cases. (i) If
2

and

1 3

3

+

2

1 3

and

+

3

2 3

we must have

2

(ii) If one of

> 0 and
2

and

3
3

1 2

+

1 3

1 2 3

= bf

+

1 3

2 3 )x

+

2
2 3

= acd < 0 and
cd < 0:

< 0 and

3

< 0, we then have

is complex, then the other must be also complex. Let
= g + hi and

3

=g

hi;

where g and h are some real numbers. We can show that
1 2

+

1 3

+

2 3
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(72)
1

< 0 that

1 2

> 0 and

> 0, which contradicts equation (72). Thus,

> 0.

2

(71)

1 2 3:

are two real roots, then it follows from

must have the same sign. Suppose

> 0. This implies that

+

= 2g

1

+ g 2 + h2 :

Since

1

< 0, the above equation and equation (72) imply that g > 0.

From the above analysis, we conclude that the matrix A has one negative eigenvalues and
the other two eigenvalues are either positive real numbers or complex numbers with positive
real part. As a result, the bubbly steady state is a local saddle point and the stable manifold
is one dimensional.
Next, we consider the local dynamics around the bubbleless steady state (0; Q ; K ). We
linearize Bt around zero and log-linearize Qt and Kt and obtain linearized system:
2
3
2
3
dBt =dt
Bt
^ t =dt 5 = J 4 Q
^t 5 ;
4 dQ
^ t =dt
^t
dK
K
where

2

r

J =4

where
a =
b =
c =
d =

3
1) 0 0
a b 5;
c d

(Q
0
K

R
[1 + (Q
Q
R
[1 + (Q
Q
Q > 0;
R [

1)]

(

R
+ ) Q ;
Q

1)](1

) > 0;

1] < 0:

Using a similar method for the bubbly steady state, we analyze the three eigenvalues of the
matrix J. One eigenvalue, denoted by
denoted by

2

and

3;

1;

is equal to r

(Q

1) < 0 and the other two,

satisfy
2 3

= ad

bc:

(73)

Notice that we have
a
1
=
b
1

1
1 + (Q

1)

Q
Q
R 1 + (Q

and
c
=
d

Q
1
R 1

:

So we have
a
b

c
a
c
> 0 or > :
d
b
d
30

1)

;

Since b > 0 and d < 0, we deduce that ad < cb. It follows from (73) that
that

2

and

3

2 3

< 0; implying

must be two real numbers with opposite signs. We conclude that the bubbleless

steady state is a local saddle point and the stable manifold is two dimensional.

Q.E.D.

As we discussed in the main text, we may derive equations (43)

Proof of Proposition 7:

and (44). Substituting equation (43) into (41) and using the de…nition Qt = e

rdt v
t+dt ;

we can

derive that:
Qt =

Qt dt + e

rdt

+ (Qt+dt
rdt

Using the approximation e

=1

(1

dt)[Rt+dt dt + Qt+dt (1

dt)

1)(Rt+dt + Qt+dt )dt]:

(74)

rdt and removing all terms that have orders at least dt2 ;

we approximate the above equation by:
Qt

Qt+dt =

Qt dt + Rt+dt dt

Qt+dt dt + (Qt+dt

1)(Rt+dt + Qt+dt )dt
(75)

(r + ) Qt+dt dt:
Dividing by dt on the two sides and taking limits as dt ! 0; we obtain:
Q_ t = Rt

(r + + )Qt + Qt + (Qt

1)(Rt + Qt );

(76)

which gives equation (46). Similarly, substituting equation (44) into (42) and taking limits, we
can derive equation (45).

Q.E.D.
Let Q ( ) be the expression on the right-hand side of equation

Proof of Proposition 8:

(47). We then use this equation to rewrite equation (48) as:
K

1

(1 + r + )

(r + + )Q( ) + g(K) + (r + ) Q( ) = 0:

De…ne the function F (K; ) as the expression on the left-hand side of the above equation.
Notice Q( ) = Q = g(K ) by de…nition and Q(0) = Qb where Qb is given in (32). The
condition (34) ensures the existence of the bubbly steady-state value Qb and the bubbleless
steady-state values Q and K .
De…ne
Kmax = max
0

(r + +

(r + ) )Q( )
(1 + r + )
31

Q

1
1

:

By (33), we can show that
(r +

Kb =
Thus, we have Kmax

r )Q(0)
(1 + r)

1
1

:

Kb and hence Kmax > K . We want to prove that
F (K ; ) > 0; F (Kmax ; ) < 0;

for

2 (0;

) : If this true, then it follows from the intermediate value theorem that there exists

a solution Ks to F (K; ) = 0 such that Ks 2 (K ; Kmax ) :
First, notice that
F (K ; 0) =
>

1

K
Kb

1

(1 + r)

(1 + r)

r(1
r(1

)Qb
)Qb

Qb
Qb

= 0;
and
F (K ;
We can verify that F (K; ) is concave in
F (K ; ) = F
> (1

) = 0:

for any …xed K: Thus, for all 0 <
K ; (1

<

;

)0 +

)F (K ; 0) +

F (K ;

)

> 0:
Next, for K 2 (K ; Kmax ), we derive the following:
F (Kmax ; ) =

Kmax1 (1 + r + )

(r + + )Q( ) + g(Kmax ) + (r + ) Q( )

<

Kmax1 (1 + r + )

(r + + )Q( ) + g(K ) + (r + ) Q( )

< 0;
where the …rst inequality follows from the fact that the saddle path for the bubbleless equilibrium is downward sloping as illustrated in Figure 1 so that g (Kmax ) < g (K ) ; and the second
inequality follows from the de…nition of Kmax and the fact that g (K ) = Q :
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Finally, note that Q ( ) < Q for 0 <

<

: We use equation (30) and Ks > K to deduce

that
Bs
Ks

=

Ks

>

K

1

Q( )
1

Q

= 0:
This completes the proof of the existence of stationary equilibrium with stochastic bubbles
(Bs ; Qs ; Ks ) :
When

= 0; the bubble never bursts and hence Ks = Kb : When

is su¢ ciently small, Ks

is close to Kb by continuity. Since Kb is less than the golden rule capital stock KGR ; Ks < KGR
when
Ks

is su¢ ciently small. Since K
Ks > K

K is increasing for all K < KGR ; we deduce that

K : This implies that the consumption level before the bubble collapses

is higher than the consumption level in the steady state after the bubble collapses.
Proof of Proposition 9:

Q.E.D.

We write the …rm’s dynamic programming before the bubble

collapses as:
Vt (Ktj ; Mtj ) = max Rt Ktj dt

j
subject to (5), Mt+dt

Ljt

e

Itj dt + Pt Mtj

j
Pt Mt+dt

(77)

+e

rdt

(1

dt) Vt+dt ((1

j
) dt
dt)Ktj + Itj ; Mt+dt

+e

rdt

(1

dt) Vt+dt ((1

j
) (1
dt)Ktj ; Mt+dt

+e

rdt

dt Vt+dt ((1

j
dt)Ktj + Itj ; Mt+dt
) dt

+e

rdt

dt Vt+dt ((1

j
dt)Ktj ; Mt+dt
) (1

dt)

dt) ;

0; and
rdt

Vt+dt ( Ktj ; 0) (1

dt) + e

rdt

Vt+dt ( Ktj ; 0) dt + Pt Mt :

(78)

We conjecture that the value function takes the form:
Vt Ktj ; Mtj = vt Ktj + vtM Mtj + bt ;
where vt ; vtM ; and bt are to be determined variables independent of j: De…ne Qt and Bt as in
(41) and (42), respectively, and de…ne
QM
t =e

rdt

(1

M
M
dt) vt+dt
+ vt+dt
dt :

33

By an analysis similar to that in Section 7.1, we can derive the continuous-time limiting system
for (Pt ; Bt ; Qt ; Kt ) given in Section 7.2. Finally, we follow the procedure described there to
establish Proposition 9.

Q.E.D.
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