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Abstract

This paper studies the implication of persistent private information on a firm’s optimal fi-

nancing and investment policies. In a dynamic agency model, an investor supplies capi-

tal to an entrepreneur with an opaque production technology. The investor observes nei-

ther the true productivity of the technology nor the actual amount of the output produced.

The entrepreneur can generate private benefit from misreporting productivity and divert-

ing output, both of which bear a persistent negative effect on the long-term growth of the

technology. Two special cases are considered: one in which the entrepreneur is risk-neutral

with a liquidity constraint, and one in which the entrepreneur is risk-averse with CARA util-

ity. For the investor, the model predicts both under- and overinvestment as well as non-

monotonic financing policies under the optimal contract. The model also generates rich

dynamics regarding the investment-q sensitivity and investment-cash-flow sensitivity con-

sistent with empirical observations.
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1 Introduction

In early 2020, Luckin Coffee, a NASDAQ-listed coffeehouse chain, announced that it has found

internal financial misconduct, following allegations that it had fabricated revenues and exag-

gerated sales, as well as misreported marketing and operating costs to cover up its lack of earn-

ings. This came as a surprise to general investors, as evidenced by the 80% drop in stock price on

the day of the announcement. Meanwhile, GSX Techedu, a NYSE-listed online tutoring service

provider, denied a similar allegation that it had fabricated the numbers of users and overstated

its profitability, stating that the allegation “contains inaccurate and disorderly data sources, and

shows a lack of understanding of GSX’s business". The share price of GSX rebounded following

the statement.

The incidents of Luckin Coffee, GSX, and others (e.g. Nikola, Theranos, WeWork, to name

a few) highlight a problem prevalent in today’s financial market for outside investors: the lack

of transparency in the technology employed and the operations conducted inside a business.

Despite the increasingly convenient access to information in general, gauging the true pro-

ductivity, return, and growth potential of a business has arguably become more challenging

to outside investors for several reasons: first and foremost, the technology adopted by mod-

ern businesses has become increasingly sophisticated. Second, globalization means investors

may hold a portfolio of businesses with distinct operation models at distant locations, and the

cost of direct monitoring and precise valuation of one specific business can be prohibitively

high. Finally, uncertainties in the market, such as the COVID-19 pandemic, can exacerbate the

difficulties in monitoring and valuation by injecting a substantial amount of noise into the per-

formance measures, such as output, that investor normally rely on.

The opaqueness of modern businesses poses a challenge to investors and entrepreneurs,

as well as to academic researchers. To investors, many investment opportunities, especially

in high tech industries or startups, are like black boxes. Investors can control the input: how

much capital to invest; and receive reports on some output, such as revenues, profits, or growth.

However, investors likely have little knowledge of how the reported outputs were produced or

whether they accurately reflect the true productivity and return of their investment. To en-

trepreneurs, the opaqueness of their technology may be an obstacle preventing them from re-

ceiving the financing and investment needed, and it may not be simply overcome with more

communication to the investors, due to the level of expertise required in the production pro-

cess.1 To researchers, such opaqueness potentially represents a substantial degree of agency

friction (e.g., financial misconduct, value distortion, etc.) that likely bears persistent, long-term

1For example, because a large number of students often enter a virtual classroom simultaneously, GSX was
suspected of using bots in lieu of actual subscribers. GSX explained that the synchronized entry is the result of par-
ticipants being placed into a “prep session” prior to the beginning of class to then be admitted into the classroom
by the instructor collectively.
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negative consequences if it is not properly addressed. Thus, it is natural to ask: what are the im-

plications of the information asymmetry and agency friction on the financing and investment

policies for businesses with opaque technologies?

This paper aims to answer this question by using an agency-based dynamic investment

model with persistent private information. In the model, a risk-neutral investor (the princi-

pal, she) provides capital to an entrepreneur (the agent, he) who possesses a technology that

produces cash flows out of capital. The technology is opaque to the investor: she only has

control of the input – the amount of capital invested. She receives an output: the cash flow re-

ported to her by the entrepreneur. Other than the input and the output, she does not observe

the true productivity of the entrepreneur or whether the reported cash flow is accurate. The

entrepreneur must exert costly effort in order to increase productivity over time, but without

proper incentives, he may engage in the socially suboptimal actions of shirking and cash flow

diversion, which produce private benefit for him. He can also misreport the realization of cash

flows to conceal his actions. Diversion and misreporting have a persistent, long-term negative

impact on the business, as they reduce the expected growth rate of productivity.

Using the analytical tools developed in Williams (2011, 2015), and Marinovic and Varas

(2019), I established the incentive compatibility (IC) conditions that prevent shirking, cash-

flow diversion, and misreporting. Due to the persistent effect of those actions, the IC conditions

rely on two state variables: the usual continuation utility of the entrepreneur, which is his ex-

pected present value of all future compensation, and the stock of future incentives, which is the

expected present value of all future pay-performance sensitivity. The investor’s incentive com-

patible financing policy and the growth rate of productivity at each point in time both depend

on the stock of future incentives accumulated up to that point.

The additional dimension of the agency problem complicates the investor’s optimal financ-

ing rule, which in general is a function of several state variables. To reduce the complexity of

the investor’s problem and provide clear, empirically relevant implications, I consider two spe-

cial settings that have been widely adopted in the existing literature. The first case pertains

to a risk-neutral entrepreneur with a liquidity constraint. That is, the entrepreneur’s flow utility

must be non-negative and his reported cost of effort must be compensated by the investor at all

times. This specification renders the model comparable to the standard agency-based dynamic

q-theory investment models, such as Bolton, Chen, and Wang (2011) and DeMarzo, Fishman,

He, and Wang (2012), as well as models of financially constrained entrepreneur with unobserv-

able production costs, such as Krishna, Lopomo, and Taylor (2013) and Krasikov and Lamba

(2020).

Under the assumption of a risk-neutral entrepreneur with a liquidity constraint, the opti-

mal contract can be characterized with an ordinary differential equation (ODE) of a single state

variable representing the stock of future incentives per unit of capital. This allows me to char-
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acterize the optimal investment policy and equilibrium productivity growth rate as functions

of the single state variable, and highlight the distinct implications of this model compared to

the standard dynamic q-theory models without the persistent impact of the entrepreneur’s ac-

tions. One distinct implication is that the model predicts that investment can be both lower

or higher than the first-best level, whereas the standard q-theory models only predict under-

investment. In particular, the model predicts over-investment to be likely prominent among

firms with strong cash flows but low Tobin’s q , which is consistent with the empirical evidence

in Blanchard, Lopez-de Silanes, and Shleifer (1994). Secondly, the model implies a potentially

strong investment-to-cash-flow sensitivity and relatively weak investment-to-q sensitivity, a

prediction that reconciles with the empirical observations summarized in Ai, Li, and Li (2017)

and Cao, Lorenzoni, and Walentin (2019) but is not available in standard q-theory models in

which average productivity is assumed to be exogenous and constant.

The second special setting considered in this paper pertains to a risk-averse entrepreneur

with a constant-absolute-risk-averse (CARA) utility function and the access to a private sav-

ings technology. This is a common modeling technique that takes advantage of the lack of the

wealth effect with the CARA utility and reduces the dimension of the investor’s problem.2 Fol-

lowing this technique, the investor’s value function can be once again summarized as an ODE

with a single state variable. Similar to the case of a risk-neutral entrepreneur, the equilibrium fi-

nancing intensity for a risk-averse entrepreneur can still be too high or too low compared to the

first-best level, implying the ubiquitous existence of both under- and overinvestment. However,

a unique result of this version of the model is that the equilibrium financing policy could be

non-monotonic in the history of cash flows or the expected productivity growth rate. Financing

intensity is the lowest when there is either too little or too much incentives accumulated. More-

over, the model predicts that the correlation between firm value and cash-flow history varies

with the entrepreneur’s degree of risk aversion: the more risk-averse the entrepreneur is, the

weaker such correlation should be.

Finally, I discuss some extensions of the model. The first extension demonstrates how the

baseline model can be modified to accommodate the scenario in which the investor maximizes

the valuation of the business instead of the discounted cash flows. I analyze its implications

under the assumption of a risk-neutral entrepreneur with liquidity constraint and show that

they are qualitatively similar to those produced in the baseline model: in equilibrium, both

underinvestment and overinvestment can arise, and the optimal investment policy has a strong

correlation with the return-of-capital and a weak or even negative correlation with Tobin’s q .

The second extension illustrates the role of unobservable output (cash flow or return-of-capital)

in this model. Using the setting of an entrepreneur with CARA utility and hidden savings as the

2The same technique is adopted in He (2011), Williams (2015), He, Wei, Yu, and Gao (2017), Marinovic and Varas
(2019), Cetemen, Feng, and Urgun (2020) and a number of other studies for the same purpose.
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example, I show that the IC conditions resulting from observable outputs are similar to those

obtained in Marinovic and Varas (2019). Therefore, the fact that cash flows are being reported to

instead of being directly observed by the investor plays a critical role in generating the distinct

implications of this model compared to existing models.

Related Literature This paper bridges several strands of research. One strand is the finance

literature on agency-based investment theories, such as Bolton, Chen, and Wang (2011), De-

Marzo, Fishman, He, and Wang (2012), Decamps, Gryglewicz, Morellec, and Villeneuve (2016),

Cao, Lorenzoni, and Walentin (2019), Ai, Kiku, Li, and Tong (2020), etc. These studies typically

model a risk-neutral agent with one or several sources of uncertainty. However, the output (e.g.

cash flow) is usually publicly observable, and the agent’s actions do not bear a persistent effect.

Consequently, the incentive compatibility condition boils down to a static tradeoff between in-

stantaneous private benefit and continuation utility.

Another strand of related research is the industrial organization literature on firm financ-

ing, such as Albuquerque and Hopenhayn (2004), Quadrini (2004), Clementi and Hopenhayn

(2006), DeMarzo and Fishman (2007), Krishna, Lopomo, and Taylor (2013), Fu and Krishna

(2019), Krasikov and Lamba (2020), etc. These studies are cast in discrete-time settings with one

of two types of agency frictions: unobservable cash flows, or private production cost. The latter

is also typically accompanied with a liquidity constraint on the agent’s side. The focus of these

studies is usually the time-series dynamics of financing decisions based on the realized paths

of various shocks. In particular, Fu and Krishna (2019) and Krasikov and Lamba (2020) study a

cash flow diversion model and a private production cost model, respectively, assuming that the

shocks to cash flow or production cost are serially correlated. In comparison, this paper mod-

els both cash flow diversion and private cost of production with a liquidity constraint. It offers

implications on not only the time-series paths of financing but also the cross-sectional predic-

tions on the relationship between the investment policies and the empirical determinants of

such policies, including, Tobin’s q and cash flow.

In terms of the methodology, this paper belongs to the active literature of continuous-time

dynamic agency models, including DeMarzo and Sannikov (2006), Biais, Mariotti, Plantin, and

Rochet (2007), Sannikov (2008), and Zhu (2013) with transitory shocks, and Hoffmann and Pfeil

(2010), Piskorski and Tchistyi (2010), Li (2017), and Feng (2020) with persistent but publicly ob-

servable shocks to model parameters. The studies most closely related to this paper in terms

of methodology are Williams (2011, 2015), and Marinovic and Varas (2019). These studies as-

sume that the principal observes a noisy signal and that the agent can take private actions with

a persistent, long-term impact on the future generation of that signal. They utilize a stochas-

tic maximum principle approach involving a change of the probability measures – a technique

also adopted in this paper.3 However, all of the aforementioned research focuses on the design

3A critical result of this technique is that the agent’s IC condition involves at least two state variables: the usual
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and implementation of the optimal compensation contract, whereas this paper undertakes the

analysis of optimal financing and investment behaviors in the presence of persistent private

information.

More broadly speaking, this paper complements the studies of (discrete-time) mechanism

design problems with persistent information, such as Fernandes and Phelan (2000), Battaglini

(2005), Zhang (2009), Kapička (2013), Pavan, Segal, and Toikka (2014), Sannikov (2014), Tchistyi

(2016) and others.4 In these studies, the persistence of the agency friction mainly arises from

the serial correlation among the shocks to a noisy signal as opposed to the long-term impact of

the agent’s private actions, which is what this paper examines.

2 The Model

In this section, I introduce the basic model setup in 2.1, followed by the information structure

and agency frictions in 2.2. I establish the general incentive compatibility conditions in 2.3

and define the optimal contract in 2.4. Discussions of different interpretations of the model

assumptions are also offered.

2.1 The Basic Environment

Time is continuous. A risk-neutral investor (the principal, she) has access to the capital market,

and an entrepreneur (the agent, he) has the technology that produces cash flows out of capital.

They share the same discount factor r ≥ 0 and join to form a business, in which the investor

provides financing by raising capital, and the entrepreneur produces output using capital and

his technology.

The production of cash flow follows a standard neoclassic linear investment model such as

that in Bolton et al. (2011) and DeMarzo et al. (2012). Let Kt represent the level of capital stock

and At the cumulative productivity process. The incremental (gross) cash flow dYt is given by

dYt = Kt d At . (1)

The accumulation of capital follows

dKt = (It −δKt )d t , (2)

continuation utility, and the stock of future incentives. This is different from dynamic agency models with project
selection or capital budgeting such as Varas (2018) and Malenko (2019), etc. In those studies, although the agent’s
action produces a persistent effect, the incentive for such action can be pinned down at the time of the action, and
a single state variable is still sufficient to characterize the optimal contract.

4See Bergemann and Välimäki (2019) for a survey on dynamic mechanism design with persistent information.
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where It is the capital investment and δ≥ 0 is the rate of capital depreciation. The evolution of

productivity At is stochastic and given by

d At = Rt d t +σd Zt , (3)

where Rt is the expected growth rate of productivity, Zt is a standard Brownian motion on a

complete probability space, and σ is the constant volatility of the productivity growth process.5

The details of Rt (its dependence on the entrepreneur’s actions) are presented in the next sub-

section after introducing the information and agency frictions.

Capital investment must be financed by the investor, who bears an adjustment cost Gt ≡
G(I ,K ), where G(I ,K ) satisfies G(0,K ) = 0, is smooth and convex in investment I , and is homo-

geneous of degree one in K .6 The investor also makes instantaneous compensation Ct ≥ 0 to

the entrepreneur. Therefore, the flow profit (net cash flow) of the business is

Kt d At −Gt d t −Ct d t . (4)

2.2 Information and Agency Frictions

There are two sources of agency frictions in this model. The first is a standard (two-dimensional)

moral hazard problem: on the one hand, the entrepreneur can divert cash flows to produce pri-

vate benefit for himself. For every dollar of cash flow lost due to diversion, the entrepreneur

receives λ ∈ (0,1) dollars in private benefit. On the other hand, the entrepreneur bears a private

cost h(µ,K ) for generating the expected productivity growth rate µ. I assume h(µ,K ) =αµ2K /2

for some α > 0. That is, the cost of productivity growth is quadratic in µ and homogeneous

of degree one in K . In the absence of proper incentives and compensation for such cost, the

entrepreneur may choose to shirk, exerting lower effort than the investor desires.

The flow utility of the entrepreneur ut is a function of the compensation from the investor

Ct , the amount of capital diverted Bt , and the level of effort µt . That is,

ut ≡ u
(
Ct +λBt − α

2
µ2

t Kt

)
, (5)

where u is a continuous, twice-differentiable, monotonically increasing (u′ > 0), and weakly

concave (u′′ ≤ 0) utility function.

The second source of the agency friction, and the reason the entrepreneur can engage in

cash-flow diversion and shirking without being detected, stems from the opaqueness of the en-

5Alternatively, one can assume that productivity grows deterministically while capital growth is subject to Brow-
nian shocks. The results are largely unchanged.

6Because the production follows a linear “AK" technology, a convex adjustment cost is necessary to ensure an
interior first-best solution.
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trepreneur’s technology. In practice, the production process inside a firm, especially for startup

in high-tech industries, is rarely transparent to outside investors, To capture this opaqueness, I

assume that the investor can observe neither the actual cash flow Yt nor the true level of pro-

ductivity At . She only receives the entrepreneur’s report on the value and the evolution paths

of those variables. Specially, the reported cash flow, denoted by dŶt , follows

dŶt = Kt d Ât , (6)

and Ât , the reported productivity, evolves according to

d Ât = µ̂t d t +σd Ẑt , (7)

where µ̂t is the entrepreneur’s reported effort in productivity growth, and Ẑt is the reported

realization of the Bronwian motion.7 Both variables can potentially differ from their true val-

ues µt and Zt , which represent the entrepreneur’s true effort and the actual realization of the

Brownian motion, respectively.

Both cash-flow diversion and misreporting hurt the long-term growth of the business. I

define the entrepreneur’s “stock of misconduct" Mt as the difference between the reported cash

flow (6) and the true cash flow (1) plus the amount of cash flow diverted, that is

d Mt = dŶt −dYt +Bt d t . (8)

To capture the persistent effect of the entrepreneur’s misconduct, I assume that the true pro-

ductivity growth rate Rt = µt −R(Mt ), where RM ≡ R ′(M) > 0 for all M . That is, the true law of

motion for productivity At is

d At =µt d t −R(Mt )d t +σd Zt . (9)

The model setup, the information and agency frictions can be interpreted in different ways:

• The setup can be interpreted as a model of startup financing (as in Clementi and Hopen-

hayn (2006), Krishna et al. (2013), Fu and Krishna (2019), and Krasikov and Lamba (2020)),

with the investor being a venture capitalist or a hedge fund. The investor’s decision it

represents the amount of capital injected in a startup with an opaque production tech-

nology. Alternatively, the setup can be interpreted as a model of firm investment (as in

Bolton et al. (2011), DeMarzo et al. (2012), Ai et al. (2017), and Cao et al. (2019)), with the

investor being the shareholders, and the entrepreneur being the CEO or managers with

7Equation (6) and (7) assume that the investor does not wish to implement any misconduct in equilibrium (see
Definition 2), and the entrepreneur’s report must be consistent with some possible realizations of a process driven
by Brownian shocks (e.g., no discrete jumps).
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superior information of the technology and organization of the production process in-

side the firm. The investor’s decision it represents the amount of capital allocated to the

managers for production, but the managers’ interests are not always aligned with those of

the shareholders without proper incentives. Because of these alternative interpretations,

I use the terms investment and financing interchangeably in the subsequent analyses.8

• Cash-flow diversion and costly effort are among the most commonly studied agency fric-

tions in both the finance and industrial organization literature.9 Moreover, instead of

the managerial effort spent on productivity growth, µ can alternatively be interpreted as

working capital (e.g. cash) that must be privately deployed by the entrepreneur to main-

tain a certain level of the productivity growth. In Section 3 I study a version of the model

in which the entrepreneur faces a liquidity constraint (e.g., as in Krishna et al. (2013) and

Krasikov and Lamba (2020)). In that case, the cost of effort (or the working capital de-

ployed) h(µ,K ) must be fully covered by the investor, and misreporting effort is conse-

quently equivalent to the entrepreneur misreporting his production cost.

• The output Yt is interpreted as the cash flow for the most part of the paper, as discounted

cash flow is one of the most popular methods of business or project valuation for in-

vestors. The other popular method is discounted earnings, in which case the agency fric-

tion can be naturally understood as earnings manipulation.10 Finally, the output can also

be modeled as the firm’s market value. In Section 5 I demonstrate how the baseline model

can be modified if maximizing market value is the objective of the investor and how it

produces very similar results in terms of the dynamics of financing and investments.

• The persistent effect of misconduct in (9) follows the examples in Williams (2011, 2015)

and Marinovic and Varas (2019). R ′(M) ≥ 0 captures the idea that misconduct in the past

hurts firm growth in the future. Examples of this long-term negative impact include the

time and energy the entrepreneur spends to conceal his past misconduct, litigation risks,

and production disruptions during an external investigation. As noted in Williams (2011),

equation (9) implies that the true productivity growth is an Ornstein-Uhlenbeck process,

which is a continuous-time version of a stationary Gausssian autoregressive process, with

8An important strand of the literature on firm financing focuses on the structure of the capital raised (e.g., debt
versus equity). In this paper, the investor’s financing decision mainly refers to the quantity of capital invested.

9Models in which cash-flow diversion is the main agency friction include Quadrini (2004), Clementi and Hopen-
hayn (2006), Ai et al. (2017), Fu and Krishna (2019), etc. Models in which costly effort is the main agency friction
include Krishna et al. (2013), Krasikov and Lamba (2020), etc. Studies such as DeMarzo and Sannikov (2006) and
DeMarzo et al. (2012) assume the cost of effort is linear, which results in shirking being equivalent to cash-flow
diversion. In this model, the cost of effort is strictly convex and hence not equivalent to cash-flow diversion.

10There is broad literature on the prevalence and long-term effect of earnings manipulation, such as Stein (1989),
Edmans, Gabaix, Sadzik, and Sannikov (2012), Varas (2018), Zhu (2018), etc. See Marinovic and Varas (2019) and
the references within.
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λ governing the rate of mean reversion and hence the level of persistence of the process.11

In short, the investor of this model faces a “black box" investment opportunity. She controls

the input: capital investment It , and observes an output: the reported cash flow Ŷt . However,

she does not observe the cash flow production process. The entrepreneur may shirk or divert

cash flows for private benefit. The investor cannot directly detect shirking or cash-flow diver-

sion because she also does not observe the actual realization of the cash flow.12

I adopt the following definitions for the remaining of the paper:

Definition 1 (Contract) A contract is the investor’s investment and compensation policies {It ,Ct }{t≥0}

and her recommended production growth rate {µt }{t≥0} based on the entrepreneur’s reported paths

of cash flows and productivity.

Definition 2 (Incentive Compatibility) A contract is incentive compatible if it implements no

cash-flow diversion (Bt = 0) and no misreporting (µ̂t =µt , Ŷt = Yt , and Mt = 0) for all t ≥ 0.

I also assume that the investor can fully commit to the contract once it is signed. The analysis

of an investor with limited commitment ability may be an interesting extension, which I briefly

discuss in the concluding section.

2.3 The Entrepreneur’s Problem

With the information structure and agency frictions specified, I now define the entrepreneur’s

optimization problem. Let Ft denote the filtration generated by the true paths of the Brow-

nian motion Zt , Π̂ denote the set of the entrepreneur’s reports (Ŷt , Ât , µ̂t , Ẑt ), T denote some

stopping time (can be endogenous) and WT denote the entrepreneur’s continuation payoff at

T . The entrepreneur’s optimization problem given any contract {It ,Ct ,µt }t≥0 is

max
B ,µ, Π̂

E

[∫ T

0
e−r t u

(
Ct +λBt − α

2
µ2

t Kt

)
d t +e−r T WT

∣∣∣∣F̂t

]
, (10)

subject to the reported paths of cash flows (6) and productivity (7) as well as the true paths

(1), (2), and (9). To solve this problem, I adopt the technique used in Williams (2011, 2015)

and Marinovic and Varas (2019) and perform a change of the probability measure from that

generated by the true Brownian motion Zt to that generated by the reported Brownian motion

11Note that the accumulation of Mt is dynamic. Thus, this version of modeling the persistent effect of an agent’s
private actions is different from studies in which the agent takes a one-time action with a persistent effect, such as
Hoffmann, Inderst, and Opp (2020) and Georgiadis and Szentes (2020).

12Section 5 offers discussions on the implications of the agency frictions when the investor can directly observe
the true cash flow history.
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Ẑt . Consequently, the entrepreneur’s problem can be expressed in two state variables. One is

his continuation utility, Wt , defined as:

Wt = E

[∫ T

t
e−r (s−t )u

(
Cs +λBs − α

2
µ2

s Ks

)
d s +e−r (T−t )WT

∣∣∣∣F̂t

]
, (11)

where, compared to (10), the expectation is taken under F̂t , the filtration generated by Ẑt . The

other state variable, denoted Pt , arises from the persistent effect of the entrepreneur’s stock of

misconduct (Mt ) and is given by

Pt =−E

[∫ T

t
e−r (s−t )R ′(Ms)Psd s +e−r (T−t )PT

∣∣∣∣F̂t

]
< 0 . (12)

Broadly speaking, Pt captures the tradeoff between his misconduct and its impact on future

productivity growth. It is an important variable to keep track of in models with persistent pri-

vate information. More detailed explanation on this variable will be given after the next propo-

sition, which states the necessary conditions for an incentive compatible contract:

Proposition 1 Under the incentive compatible contract there exist F -adapted processes {φt ,βt }

such that

dPt = (r −R0)Pt d t −φt Pt d Zt , (13)

dWt = r Wt d t −ut d t −βt Wt d Zt , (14)

where R0 ≡ R ′(M = 0) > 0. Let uB and uµ denote the partial derivatives of the entrepreneur’s

utility function with respect to Bt and µt , respectively. The necessary conditions for the contract

to be incentive compatible are

uB ≤−Pt (15)

uµ = Pt (16)

βt =σ Pt

Wt
. (17)

Equations (13) and (14) characterize the laws of motion of the two state variables Pt and Wt ,

where φt and βt capture the sensitivity of each state variable to the reported paths of the Brow-

nian motion. In particular, β, as in standard dynamic moral hazard models, represents the

entrepreneur’s pay-performance sensitivity or his “skin-in-the-game". Equations (15) and (16)

are the incentive-compatibility (IC) conditions for no cash-flow diversion and no shirking. In-

tuitively, both cash-flow diversion and shirking generate immediate utility. However, they also

increase the stock of misconduct, which negatively affects the productivity growth rate in the
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future. The marginal value of such a negative long-run effect is captured by Pt .13

Equation (17) is the IC condition for no misreporting the path of the Brownian motion d Zt .

This condition highlights a critical difference that persistent private information makes com-

pared to the IC condition in standard dynamic moral hazard problems without such persis-

tence. In the standard problems, a strong pay-performance sensitivity is usually required to

prevent the agent from adopting actions that are suboptimal for the principal. The more “skin-

in-the-game" the agent has, the less motivated he is to engage in cash-flow diversion or shirk-

ing. In this model with persistent private information, strong pay-performance sensitivity po-

tentially has a negative effect on the investor because it gives the entrepreneur incentives to

falsify strong cash flows in order to boost his continuation utility. Instead, the IC condition re-

stricts the level of pay-performance sensitivity according to Pt . Substituting (17) into (12) yields

Pt =−Et

[∫ T

t
e−r (s−t )

(
R0

σ
βsWs

)
d s +e−r (T−t )PT

]
. (18)

That is, Pt can be interpreted as the (negative) expected present value of all future pay-perform-

ance sensitivity or, more simply, the stock of future incentives. If the entrepreneur falsely reports

a high realization of the cash flow, his continuation utility increases.14 Meanwhile, the stock of

his future pay-performance sensitivity also increases. As a result, future reports of low realiza-

tions of the cash flow will result in a more severe punishment. The degree of such punishment

is captured by Pt and restricts the level of pay-performance sensitivity the contract can imple-

ment at each moment.

In the interest of space, detailed derivations of the IC conditions in Proposition 1 are left to

Appendix A. These conditions are also necessary, and their sufficiency is discussed in Appendix

B. From now on, all subsequent analyses assume that the necessary conditions are met and the

contracts are always incentive compatible. Consequently, the ˆ notation on all variables will be

dropped, as all reported values are equivalent to their true values in equilibrium.

2.4 The Investor’s Problem

The investor’s objective is to to maximize her valuation of the business, which is the expected

present value of all the future (net) cash flows (gross output minus production cost minus com-

pensation). Let F denote the investor’s valuation, and FT represent her valuation after contract

13Condition (15) can be binding or slack depending on whether cash-flow diversion is allowed to be negative,
i.e., whether the entrepreneur is allowed to privately save the cash flows diverted and reinvest them in the future.
Section 3 explores an example in which private savings are not allowed. In that case, (15) implies a lower bound
on the state variable. Section 4 explores an example in which private savings are allowed. In that case, (15) binds
with equality. In comparison, (16) always binds, because the entrepreneur’s effort can be higher or lower than the
recommended level at any time.

14Analyses in the next two sections show that β< 0 when W > 0 and β> 0 when W < 0. Consequently, W always
increases with a positive realization/report of the cash flow.
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termination (possibly endogenous). Under an incentive compatible contract, F is defined as

Ft = max
{It ,Ct ,µt ,φt ,βt }

E

[∫ T

t
e−r (s−t )(dYs −Gsd s −Csd s)+e−r (T−t )FT

∣∣∣∣Ft

]
, (19)

subject to the laws of motion dKt , dPt , and dWt as specified in (2), (13), and (14). The investor

has quintuple controls: investment It , compensation Ct , recommended productivity growth

rate µt , plus φt and βt , the sensitivity of Pt and Wt to the reported Brownian shocks. Her value

function F satisfies the following general Hamilton-Jacobi-Bellman (HJB) equation:

r F (K ,P,W ) = max
I ,C ,µ,φ,β

µK −G(I ,K )−C + (i −δ)K FK + (r −R0)PFP + 1

2
φ2P 2FPP

+ (r W −u)FW + 1

2
β2W 2FW W +φβPW FPW , (20)

subject to the IC conditions (15), (16), (17), and some boundary conditions that are problem-

specific and will be established later.

I adopt the following definition of an optimal contract:

Definition 3 (Optimal Contract) A contract is optimal if it maximizes the investor’s objective

function (19) over the set of contracts with the following properties:

i) Are incentive compatible.15

ii) Assign the entrepreneur some initial level of continuation utility W0 and the initial stock of

incentives P0.16

iii) Respect the other problem-specific constraints that the entrepreneur has.17

In general, solving the investor’s HJB equation (20) and characterizing the optimal contract

is an analytically challenging task involving a partial differential equation (PDE) with multiple

state and control variables. To increase tractability and provide clear predictions, I make the

following simplifying assumptions:

Assumption 1 Let a lower case letter represent the value of a variable per unit of capital, i.e.,

i = I /K , c =C /K , b = B/K , m = M/K . The adjustment cost G is given by G = g (i )K , where

g (i ) = i + θ

2
i 2 , (21)

15This definition restricts the analysis to contracts that involve no misconduct. Zhu (2013) shows that in a simple
dynamic moral hazard problem such as that in DeMarzo and Sannikov (2006), allowing actions such as shirking
may not always be suboptimal for the principal. To my knowledge, such analysis is difficult in models with per-
sistent private information and not conducted in existing studies such as Williams (2011, 2015) or Marinovic and
Varas (2019). I thus abstract from such analysis and focus on contracts that are incentive compatible.

16I leave the determination of W0 and P0 outside the model. If the investor’s value function has an interior
maximum, such as the examples in Sections 3 and 4, then W0 and P0 are typically chosen at such maximum.

17E.g. the entrepreneur’s “liquidity constraint" in Section 3 and “no-hidden-savings" constraint in Section 4.
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and the function R that captures the persistent effect of misconduct is given by

R = ρm , (22)

for some parameters θ > 0, ρ > 0. The entrepreneur starts with no misconduct, that is, m0 = 0.

Equation (21) assumes that the adjustment cost of capital is a quadratic function, which is stan-

dard in neoclassic growth models. Equation (22) assumes the marginal effect of misconduct on

future productivity growth is a constant, an assumption also made in Williams (2011) and Mari-

novic and Varas (2019).18 Combining (22) with (13) implies

dPt =
(
r −ρ)

Pt d t −φt Pt d Zt . (23)

That is, under the optimal contract, Pt is a geometric Brownian motion (GBM) with expected

growth rate r −ρ. The larger ρ is, the faster Pt decreases over time. Recall that Pt < 0 based

on its definition in (12), and its absolute value represents the stock of future incentives for the

entrepreneur. Therefore, (23) implies that the larger is the negative long-run effect of cash-flow

diversion and misreporting (i.e. the larger is ρ), the faster the entrepreneur’s future incentives

accumulate on average over time. This is an important intuition that plays a vital role in under-

standing the implications of the agency frictions on the dynamics of financing and investment

discussed later.

Another simplifying assumption is the explicit form of the entrepreneur’s utility function.

In the next two sections, I explore two special cases that are commonly used in the literature

with broad applications: risk-neutral entrepreneur with a liquidity constraint, and CARA (risk-

averse) entrepreneur with hidden savings. Both examples reduce the investor’s HJB equation

(20) to tractable ordinary differential equations (ODE), allowing the delivery of clear analytical

predictions.

3 Case I: Risk-Neutral Entrepreneur with Liquidity Constraint

In this section I solve the optimal financing and investment contract under the assumption

of a risk-neutral entrepreneur with liquidity constraint. The specific assumptions used in this

section are presented in 3.1. The resulting optimal contract is solved in 3.2, followed by the

discussion of its empirical implications in 3.3 and a short summary in 3.4.

18In fact, the proof of Proposition 1 in Appendix A reveals that only the value of R0 matters for the necessary IC
conditions and all subsequent analyses. The constant marginal effect assumption is made nonetheless to facilitate
the argument for the sufficiency of the entrepreneur’s IC conditions in Appendix B.
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3.1 Assumptions

The following assumption is made throughout the section:

Assumption 2 The entrepreneur’s flow utility ut is given by

ut =
[

ct +λbt − α

2
µ2

t

]
Kt . (24)

The entrepreneur is also liquidity-constrained. He cannot bear negative utility at any point in

time, that is, ut ≥ 0 for all t ≥ 0.

Liquidity constraint of this kind has been extensively analyzed especially in the industrial or-

ganization literature, such as Clementi and Hopenhayn (2006), Biais et al. (2007), Krishna et al.

(2013) and Krasikov and Lamba (2020). In this model, the costly effort µ can be interpreted as

the working capital (e.g. cash) needed for maintaining a certain level of productivity growth.

However, the entrepreneur is cash-strapped and must be provided the cash needed for invest-

ing in productivity growth. I also assume that the entrepreneur cannot save by himself. That is,

he cannot relax the liquidity constraint himself through saving and reinvesting, which implies

that bt cannot be negative. This no-saving constraint is standard and made in all aforemen-

tioned studies featuring the liquidity constraint. It is also innocuous, because the investor and

the entrepreneur share the same discount factor r , and any saving that is beneficial to the busi-

ness can be done by the investor.

The liquidity constraint is not the same as “limited liability", the assumption usually made

in models with a risk-neutral agent. Limited liability restricts the agent to be paid with non-

negative consumption, or ct ≥ 0. In comparison, the liquidity constraint in this model states

that the entrepreneur must be allocated the requisite working capital prior to production, or

ut ≥ 0. The liquidity constraint also prevents the investor from selling capital to the entrepreneur,

in which case the investor acts as an intermediary and the resulting contract would achieve the

first-best outcomes trivially under risk-neutrality and equal discounting.

Finally, the optimal contract in this section involves possible termination. To maintain suf-

ficient tractability, I assume that once the contract ends, the remaining capital is liquidated

at l < 1 dollar per unit. The investor receives the proceeds from the liquidation and the en-

trepreneur receives his continuation utility in expectation, subject to a noisy signal that re-

spects the definition of Pt as the marginal value of misconduct in (12).19 As the ensuing analysis

shows, contract termination in this model is not due to the usual limited liability constraint in

19The precise information structure of the signal and the associated compensation policies are provided in Ap-
pendix B but the basic idea runs as follows: when the contract ends at time T , the investor receives a binary signal
and pays the entrepreneur either ζhWT or ζl WT based on the signal. The amount of misconduct accumulated
at T determines the probability that the investor receives the positive signal. ζh and ζl are set such that the en-
trepreneur’s expected payment is exactly WT and his marginal value of misconduct is exactly PT .
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most models with a risk-neutral agent. Instead, it is due to an endogenous incentive constraint

resulting from the persistence of the entrepreneur’s private actions.

3.2 Incentive Compatibility and the Optimal Contract

Given the entrepreneur’s utility function (24), the IC conditions (15) and (16) become

−Pt ≥λKt (25)

µt = −Pt

αKt
. (26)

The two IC conditions can be summarized using a single state variable X t , defined as

X t ≡−Pt

Kt
> 0 . (27)

X t represents the stock of future incentives per unit of capital.20 Equation (25), the IC condition

that prevents cash-flow diversion, implies X t ≥ λ. On the one hand, cash-flow diversion gen-

erates private benefit for the entrepreneur with λ capturing its marginal benefit. On the other

hand, cash-flow diversion increases the stock of misconduct, which reduces future productiv-

ity growth. Therefore, X measures the marginal cost of cash-flow diversion, which is the loss

of future continuation utility due to lower productivity. Linearity in both the marginal benefit

and the marginal cost of cash-flow diversion implies the lower bound (25) for X t . The same

intuition applies to (26), the IC condition for productivity growth. However, the quadratic cost

in productivity growth pins µt down as a function of X t .

Besides the IC conditions, the assumptions made in Section 3.1 combined with various lin-

earities built into the model also simplify the investor’s problem, which can now be character-

ized as an ODE of X t summarized as follows:

Proposition 2 Under Assumptions 1 and 2, the investor’s value function F (K ,P,W ) = f (X )K−W ,

where f (X ) solves the following HJB equation:

r f (X ) =µ(X )− g (i (X ))− c(X )+ (i (X )−δ)
[

f (X )−X f ′(X )
]+ (ρ− r )X f ′(X ) , (28)

with boundary conditions f (λ) = l . The investor’s optimal policies {it ,µt ,ct } are all functions of

20Note here X is defined as −P/X for easy exposition because P < 0. Therefore, a higher X corresponds to a
larger absolute value of P , or a larger stock of future incentives, holding K constant.
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X t , given by

i (X ) = f (X )−X f ′(X )−1

θ
(29)

µ(X ) = X

α
(30)

c(X ) = X 2

2α
. (31)

Proposition 2 reveals some unique features of this model. First, the optimal contract involves

endogenous incentive-driven contract termination at X t = λ, because there is not a sufficient

amount of incentives to prevent the entrepreneur from diverting cash flows. The business is

dissolved and the investor receives l dollar per unit of the remaining capital according to the

assumption made in Section 3.1. This is in contrast to the usual limited-liability-driven termi-

nation in most dynamic models with a risk-neutral agent (e.g., DeMarzo and Sannikov (2006),

Bolton et al. (2011), DeMarzo et al. (2012), etc). In those modes, the agent’s continuation util-

ity decreases after negative shocks. The contract must be terminated and the agent fired if his

continuation utility falls below his outside option (typically 0). In this model, limited liability is

irrelevant, because the entrepreneur’s liquidity constraint implies that both his flow utility and

continuation utility are always non-negative.21

Another feature of this model different from existing models with a risk-neutral agent is the

underlying source of inefficiency in the optimal contract. In the existing models, the agent’s

continuation utility is the key state variable and the likelihood of contract termination due to

the agent’s limited liability is the primary source of inefficiency. In this model, the primary

source of inefficiency stems from the likelihood of contract termination due to insufficient fu-

ture incentives (i.e., X t ≥ λ), while limited liability is irrelevant. Moreover, conditional on that

the liquidity constraint is met, the investor can always make extra lump-sum payments to the

entrepreneur and reduce his continuation utility anytime. Consequently, the marginal value of

the entrepreneur’s continuation utility to the investor is a constant (i.e. FW =−1). This imme-

diately implies that the entrepreneur’s liquidity constraint is always binding under the optimal

contract. That is, ut = 0 and ct = αµ2
t /2 before the contract terminates. Nevertheless, the en-

trepreneur’s continuation utility still varies with the reported cash flows. That is, βt > 0, based

on the IC condition (17). As discussed in Section 2.3, this is needed to prevent the entrepreneur

from misreporting the realization of the Brownian motion. Because the investor and the en-

trepreneur share the same discount factor, any continuation utility the entrepreneur has accu-

mulated is paid out in a lump-sum at the time of contract termination.22

21Readers can also infer from (14) that Wt never goes to zero because it follows a geometric Brownian motion
when ut = 0, which is indeed the case in equilibrium and is discussed in the next paragraph.

22In contrast, most existing dynamic models with a risk-neutral agent assume that the agent is more impatient
than the principal. The agent receives cash payments if his continuation utility is sufficiently high.
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3.3 Empirical Implications

The optimal contract characterized in Proposition 2 generates a number of empirically rele-

vant implications on the dynamic behaviors of firm financing and investment. This section

discusses two sets of those implications: this first pertains to the value of the business and the

optimal investment policy as functions of the state variable X ; the second pertains to model-

implied correlation between investment, Tobin’s q , and expected cash flow. To highlight what

differences the persistent private information and other features of this model make, the dis-

cussion focuses on comparing those implications with those of three widely referenced bench-

marks: Hayashi (1982), Bolton et al. (2011), and DeMarzo et al. (2012). The first is a standard

neoclassic investment model without agency frictions. The latter two are agency-based dy-

namic investment models with a risk-neutral agent but without the persistence in the agent’s

private actions.

A. Business Value and Optimal Investment

The left panel of Figure 1 plots the scaled value function f (X ), that is, the value of the business

or the investment opportunity per unit of capital.23 When X is low, the value of the business

is low, due to the inefficient contract termination when X reaches the incentive termination

boundary X = λ. Higher X reduces the risk of inefficient termination. However, when X is too

high, the value of the business starts to decrease, mainly due to an inefficiently high level of

investment, which is discussed next.
The right panel of Figure 1 plots the optimal investment policy i as a function of X . For

comparison, the first-best level of investment in the absence of agency frictions is also plotted.

The first-best level is achieved when both At and Yt are directly observable to the investor. In

that case, the first-best level of investment i F B coincides with the solution in Hayashi (1982)

and is a constant given by

g ′(i F B ) = max
i

µF B − g (i )

r +δ− i
, (32)

where µF B = 1/α. The first-best is independent of λ and ρ, because those parameters are only

related to the agency frictions of cash-flow diversion and misreporting; it is time-invariant, be-

cause the investor is risk-neutral; and it is independent of σ and the history of productivity and

cash flow realizations. It is, however, related to α. Because the cost of productivity growth is

assumed to be convex, the first-best level of productivity µF B is a function α.24

23Recall that the investor’s value function F (K ,P,W ) = f (X )K −W . Therefore, f (X ) = (F +W )/K .
24Note that the finite first-best µF B is not the result of the entrepreneur’s liquidity constraint. Even if the en-

trepreneur can withstand negative flow utility, the cost of µ still needs to be paid in the first-best scenario.
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Value function f (X ) Investment Intensity i (X )

Figure 1: Optimal Contract: Risk-Neutral Entrepreneur with Liquidity Constraint
This figure presents the scaled value function f (X ) (left panel) and the investment-to-capital ratio i (X ) (right

panel) under the optimal contract characterized in Proposition 2. The parameter values are r = 0.05, σ = 0.25,

δ = 0.2, λ = 0.1, θ = 1, α = 1, and l = 0.9. The blue solid line corresponds to ρ = 0.01, and the red dashed line

corresponds to ρ = 0.06.

In the presence of the agency frictions introduced in this model, the optimal investment de-

cision becomes a function of the state variable X . When X , the stock of future incentives, is low,

the optimal investment intensity is kept low, because the likelihood of the incentive termina-

tion is high. At the termination boundary (X =λ), the marginal value of capital is the liquidation

value l < 1. When both l and X are low, termination is inefficient and imminent. The optimal

contract therefore reduces the investment intensity and may even scale down the size of the

firm, resulting in i (X ) < 0. In other words, the optimal contract implies underinvestment by the

investor when X is low.

The optimal investment intensity is a monotonically increasing function of X . This can also

been seen from differentiating (29) with respect to X , which yields

i ′(X ) =−X f ′′(X )

θ
> 0 , (33)

due to the concavity of f (X ). Interestingly, i (X ) eventually rises above the first-best level, re-

sulting in overinvestment from the investor. This is in sharp contrast to Bolton et al. (2011)

and DeMarzo et al. (2012), in which the agency friction implies underinvestment only. In those

studies, the impact of the agent’s private actions is transitory, and the principal’s cost of pro-

viding incentives vanishes when the agent’s continuation utility is at a sufficiently high level.

Because continuation utility only approaches such level from below, investment increases grad-
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ually with continuation utility and never surpasses the first-best.25

In this model, overinvestment is a unique result of the persistent impact of the agency fric-

tions. Observe from (32) that i F B is derived under a finite, first-best level of productivity µF B . In

contrast, in the presence of the agency frictions, µ(X ), given by (30), is an increasing function

in X . A sufficiently high X may lead to an inefficiently high µ, resulting in over-investment.

To illustrate the underlying mechanism in more detail, recall that (30) is the IC condition

for µ (equation 16) under risk-neutrality, which prevents the entrepreneur from deviating from

the productivity growth rate the investor desires. When X , the stock of future incentives, is low,

the investor prefers a low growth rate because she is primarily concerned with the entrepreneur

shirking and does not have a sufficient stock of incentives to sustain a high growth rate. When

X increases, the exact opposite concern arises: the entrepreneur is tempted to take advantage

of the large stock of incentives (pay-performance sensitivity) accumulated by accelerating the

productivity growth rate, boosting future cash flows, and consequently receiving higher contin-

uation utility. To prevent such deviation, the investor is compelled to implement a growth rate

higher than the first-best level, because that increases the marginal cost of additional growth in

productivity for the entrepreneur. In short, over-investment is the result of the investor imple-

menting an inefficiently high growth rate to prevent the entrepreneur from exploiting the large

stock of future pay-performance sensitivity he has amassed through the contract.

In practice, overinvestment is observed in many scenarios, such as aggressive but inefficient

mergers and acquisitions.26 Blanchard, Lopez-de Silanes, and Shleifer (1994) find that firms

with a strong series of cash flows may over-invest even when their investment opportunities

are poor, as measured by a low Tobin’s q. As Part B of this section will show, strong cash flows

in this model lead to a higher X but not necessarily a higher q. Consequently, the prediction

of this model provides a possible explanation for the over-investment problem in practice from

the perspective of agency frictions with a persistent effect.27

Figure 1 also highlights how the value of the business and the optimal investment intensity

varies with the degree of persistence of the agency frictions, measured by ρ. The left panel

shows that the value function increases in ρ. This can be explained by examining the expected

25In fact, in Bolton et al. (2011) and DeMarzo et al. (2012), the equilibrium investment-to-capital ratio is always
lower than the first-best level even when the cost of incentives vanishes. This is because the agents in those models
are assumed to be more impatient than the principal. Thus, there is an efficiency loss for any level of continuation
utility the principal promises to the agent.

26Wang (2018) summarizes the empirical findings on market reactions to M&A news. The reactions appear to
be mostly negative for the acquirers, potentially reflecting the concerns of the general investors of the acquirers
regarding the value of such expansions.

27This theory thus complements the recent studies that also feature over-investment as the result of dynamic
agency frictions with different economic mechanisms, e.g. Bolton, Wang, and Yang (2019) with human capital,
Gryglewicz, Mayer, and Morellec (2020) with correlated short-run and long-run effort, Szydlowski (2019) with
multi-tasking, Ai et al. (2020) with limited commitment, and Gryglewicz and Hartman-Glaser (2020) with real op-
tions.
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growth rate of the state variable X t , given by

E(d X t ) = ρ− r +δ− i . (34)

That is, on average, X t increases faster with a larger ρ. The intuition is very similar to that

highlighted in equation (23), which shows that the stock of future incentives −Pt on average

increases faster when ρ is higher. Put differently, the stronger the negative effect of the en-

trepreneur’s private actions, the faster the stock of future incentives accumulates. Because of

the dynamic nature of the model, a larger stock of future incentives mitigates the agency fric-

tion, resulting in a higher valuation of the business or the investment opportunity. Meanwhile, a

higher ρ uniformly elevates the optimal investment intensity for all X . That is, a strong negative

long-term effect of the entrepreneur’s private actions alleviates the underinvestment problem

while exacerbating overinvestment.

B. Investment Sensitivity to Tobin’s q and Cash Flows

The q-theory is among the most fundamental and widely adopted theories of firm investment.

Hayashi (1982), Bolton et al. (2011), and DeMarzo et al. (2012) all examine the dynamic be-

haviors of investment within the q-theory framework. In the literature, two measures of q are

commonly studied: the marginal q (qm) and the average (Tobin’s) q (qa). They correspond to

the marginal and average value of capital, respectively. In this model, the total value of capital,

or the value of the business, is F (K ,P,W )+W . Thus, Proposition 2 implies that both qm and qa

can be expressed as simple functions of the state variable X :

qm ≡ ∂(F +W )

∂K
= f (X )−X f ′(X ) (35)

qa ≡ F +W

K
= f (X ) . (36)

Comparing (35) with the optimal investment rule in (29) shows that optimal investment is fully

determined by qm . This result is also found in Bolton et al. (2011) and DeMarzo et al. (2012) and

is not surprising. For the purpose of analytical tractability, both studies as well as this paper

make various assumptions to ensure that the value function is homogeneous of degree one in

capital. Consequently, the first-order condition for i (X ) (29) relates optimal investment with

the marginal value of capital, which is fully captured by qm .28

Despite the predictive power of the marginal q , Tobin’s (average) q , or qa , has been much

more commonly used in empirical studies examining investment behaviors, mainly because

it is easier to measure. It is well-known from standard neoclassical models such as Hayashi

28The analysis in Erickson and Whited (2000) also corroborates, both theoretically and empirically, that marginal
q being a major determinant of investment (when measured correctly).
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(1982) that qa is identical to qm in a frictionless environment. However, models with agency

frictions predict a wedge between qa and qm , implying potential measurement error when us-

ing qa as a proxy for qm .29 Moreover, empirical studies have consistently documented a large

sensitivity of investment to cash flow and a small sensitivity of investment to Tobin’s q . The

large investment-cash-flow sensitivity is also more prominent among larger and older firms.30

These findings cannot be reconciled with Bolton et al. (2011) and DeMarzo et al. (2012) for two

reasons. First, those studies assume that the expected cash flow µ is exogenous and constant.

Secondly, in those studies, both qa and investment are monotonically increasing in the state

variable. Consequently, those studies would predict a large coefficient of investment on qa and

a small coefficient on cash flow.

The prediction of this model is different from that of Bolton et al. (2011) and DeMarzo et al.

(2012) but consistent with the empirical observations. To illustrate this prediction, the left panel

of Figure 2 plots investment i along with qa and the expected gross cash flow µ. All three vari-

ables are functions of X , but investment and µ are both increasing in X , while qa is hump-

shaped in X . This implies a potentially strong correlation between investment and cash flow

and a weak or even negative correlation between investment and Tobin’s q . Indeed, after com-

bining (29), (30), and (35) and applying Ito’s lemma, the variations in investment can be written

as the following function of the variations in qa and µ:

dit = η1d qa,t +η2dYt , (37)

where

η1 = 1

θ
(38)

η2 =−α
θ

[
f ′(X t )+X t f ′′(X t )

]
. (39)

The investment-q sensitivity is captured by η1, which is a constant. The investment-cash-flow

sensitivity is captured by η2, which is a function of X and therefore depends on the realized

cash-flow history. The relative sizes of the two coefficients are illustrated in the right panel of

Figure 2. Compared to η1, η2 can be very large if one or more of the following is true: α, the

29Unlike Bolton et al. (2011) and DeMarzo et al. (2012), in this paper, the wedge between qa and qm does not
disappear for either low or high X . It does not disappear for low X because of a technical reason: while those
studies assume contract termination at W = 0, in this model, contract termination occurs at X =λ> 0. The wedge
does not disappear for high X because of the persistence of the agency friction: while in those studies the agency
friction is fully resolved when W is sufficiently high, in this model, the agency friction is never fully resolved even
with arbitrarily high levels of incentives.

30Ai et al. (2017) and Cao et al. (2019) summarize the empirical evidence for these observations and offer their
explanations: in addition to cash flow shocks, Ai et al. (2017) introduce a separate productivity shock and a liquidity
constraint, while Cao et al. (2019) introduce a “news shock" that allows agents to observe the realization of future
productivity in advance.
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marginal cost of productivity growth, is large; f ′(X ) is very negative; or X f ′′(X ) is large in abso-

lute value (recall that f ′′(X ) < 0). In particular, both a negative f ′(X ) and a large (absolute value

of) X f ′′(X ) occur when X is high. As shown in (34), a larger ρ implies that X on average in-

creases over time. Therefore, if the long-run negative effect of the agency frictions is sufficiently

strong, the model predicts that larger and older firms, which are often thought to be less fi-

nancially constrained, will typically have a higher investment-cash-flow sensitivity than would

smaller and younger firms, as documented in Ai et al. (2017). Combined with the prediction in

Part A that firms with a larger X also over-invest relative to the first-best, the implications of this

model are also consistent with Blanchard et al. (1994), who find that firms with a strong cash

flow history may overinvest despite having a low Tobin’s q .

Investment, q, and Expected Cash Flow Predicted Investment Sensitivity

Figure 2: Investment, q, & Cash Flow: Risk-Neutral Entrepreneur with Liquidity Constraint
This figure presents the investment i , Tobin’s q (qa), and expected cash flows µ in the left panel, and the

investment-to-q sensitivity (η1 = 1/θ) and the investment-to-cash-flows sensitivity (η2) in the right panel. Pa-

rameters are the same as those in Figure 1 with ρ = 0.01.

3.4 Section Summary

When the entrepreneur is risk-neutral and faces a liquidity constraint, the optimal contract can

be characterized with an ODE of a single state variable X = −P/K , which represents the stock

of future incentives for the entrepreneur per unit of capital. The optimal investment policy and

the expected growth rate of productivity are both increasing functions of X . The model gener-

ates two sets of empirically relevant implications: first, over-investment relative to the first-best

is possible, especially among firms with a strong history of cash flow but a low Tobin’s q . Second,

there is a potentially high investment-cash-flow sensitivity and relatively low investment-q sen-
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sitivity. Both implications are consistent with empirical observations but are absent from from

existing agency-based dynamic investment models (e.g., Bolton et al. (2011) and DeMarzo et al.

(2012)) without the persistent impact of agency frictions.

4 Case II: Risk-averse Entrepreneur

In this section I solve the optimal financing and investment contract under the assumption of

a risk-averse entrepreneur with constant-absolute-risk-aversion (CARA) utility and hidden sav-

ings. The specific assumptions used in this section are presented in 4.1. The resulting optimal

contract is solved in 4.2, followed by a discussion of its empirical implications in 4.3.

4.1 Assumptions

In this section, I explore the case in which the entrepreneur is risk-averse. To highlight the

implications of risk-aversion while maintaining tractability, I assume that the entrepreneur has

CARA utility and hidden savings specified as follows:

Assumption 3 The entrepreneur’s flow utility ut is given by

ut =−1

γ
e−γ[

ct+λbt−α
2 µ

2
t

]
Kt , (40)

where γ > 0 measures the degree of risk aversion. The entrepreneur also has a private savings

account to which he can add funds or from which withdraw consumption. The account has a

balance St and grows at a rate r , such that

dSt = r St + (Ĉt −Ct )d t , (41)

where Ĉt is the amount of consumption allocated to the entrepreneur from the investor and Ct is

the entrepreneur’s actual consumption.31

Due to its lack of the wealth effect, CARA utility is a commonly adopted assumption in mod-

els with persistent private information (e.g. Williams (2015), He et al. (2017), and Marinovic

and Varas (2019)) for generating tractable results. All of these studies also assume private sav-

ings, which allows the entrepreneur to smooth consumption intertemporally and restricts the

ability of the investor to implement compensation and investment schemes that lead to steep

31The notation Ĉt suggests that it also represents the amount of reported consumption by the entrepreneur to
the investor, because it is assumed throughout the paper that the entrepreneur never reports any deviation from
the investor’s recommended strategies.
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expected consumption patterns. Another natural implication of private savings is that the en-

trepreneur can use his savings to boost the cash flow of the business without engaging in other

misconduct. To save notation, I assume this is equivalent to negative cash-flow diversion, or

bt ≤ 0.

Given Assumption 3, the entrepreneur’s optimization problem in (10) entails an additional

control variable Ct and an additional state variable St with the law of motion given by (41). The

same additional control and state variables also apply to the investor’s problem (19). An incen-

tive compatible contract, as in Definition 2, entails the additional requirement for no private

savings: that is, Ĉt =Ct and St = 0 for all t ≥ 0. This additional requirement implies an IC con-

straint besides those presented in Proposition 1 and plays a vital role in simplifying the optimal

contract, as discussed next.

4.2 Incentive Compatibility and the Optimal Contract

Assumption 3 implies the following results from the entrepreneur’s problem:

γλut Kt = Pt (42)

γαutµt Kt = Pt (43)

ut = r Wt . (44)

Equations (42) and (43) are the IC constraints for no cash-flow diversion and no shirking, re-

spectively. Their interpretations are identical to their counterparts (25) and (26) in the risk-

neutral entrepreneur case: that is, the marginal cost of those suboptimal actions, captured by

Pt , must equal their marginal benefit.32 Equation (44) comes from the IC condition for no pri-

vate savings. It implies that the entrepreneur’s current utility is proportional to his continuation

utility, which is the critical simplifying result for adopting the assumptions of CARA utility and

private savings. Consequently, the IC constraints (42) and (43) can both be written as linear

functions of Kt and a new state variable X t , now defined as

X t ≡ Pt

Wt
> 0 . (45)

X t represents the stock of future incentives per unit of continuation utility. Unlike the case

explored in Section 3, the continuation utility and marginal utility of consumption of a en-

trepreneur with CARA utility play important roles in the characterization of the optimal con-

tract. Nevertheless, because the investor is still risk-neutral, her problem turns out to be still

homogeneous in Kt and can be summarized with X t as the single state variable as follows:

32Equation (42) holds with equality because the entrepreneur is allowed to temporarily boost cash flow with his
private savings.
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Proposition 3 Under Assumptions 1 and 3, the investor’s value function F (K ,P,W ) = f (X )K ,

where f (X ) solves the following HJB equation:

r f (X ) =µ− g (i (X ))− c + (i −δ)X f ′(X ) , (46)

with boundary conditions f ′(0) =+∞. The investor’s optimal policies {it ,µt ,ct } are all functions

of X t , given by

i (X ) = r −ρ+δ+σX − (σX )2 (47)

µ(X ) = X

αγr
(48)

c(X ) =
(

1

2rγα
+σ2

)
X 2

r
. (49)

Proposition 3 features several results unlike those discussed in Section 3. In particular, all of the

policy variables (i ,µ,c) are functions of the state variable X only; that is, they are independent

of the investor’s value function f (X ). In other words, all equilibrium policies are determined by

the entrepreneur’s IC conditions. Moreover, (47) indicates that investment is hump-shaped in

X , while (48) and (49) combined imply that the expected net cash flowµ−c is also hump-shaped

in X . The implications of these results are discussed in the next subsection.

It is worth noting that the equilibrium productivity growth rate µ is a linear function of X .

This is in contrast to Marinovic and Varas (2019), in which the optimal compensation contract

can achieve the constant, first-best level of effort when the contracting horizon is infinite. This

is because unlike Marinovic and Varas (2019), the investor does not observe the cash flow and

must rely on the entrepreneur’s report of it. The necessary incentives for no misreporting de-

termines a specific path of the pay-performance sensitivity, which in turn drives a specific rela-

tionship between effort and the state variable. Section 5 explores an alternative model in which

the investor can directly observe the realizations of cash flow. In that case, the resulting contract

resembles the contract in Marinovic and Varas (2019) much more closely.

4.3 Empirical Implications

I now discuss the implications of the optimal contract characterized in Proposition 3. In the

interest of space, I focus on the implications that are different from those obtained in Section

3.3 when the entrepreneur is assumed to be risk-neutral with a liquidity constraint.

The left panel of Figure 3 plots the scaled value function f (X ) implied by the investor’s HJB

equation (46). f (X ) is hump-shaped in X , which is caused by the hump-shaped optimal invest-

ment policy (47) plotted in the right panel of Figure 3 and the hump-shaped average net cash

flows (48 and 49). Put differently, when the entrepreneur is risk-averse, the level of inefficiency

26



caused by the agency frictions is higher when X is more extreme.

Value function f (X ) Investment-to-Capital Ratio i (X )

Figure 3: Optimal Contract: Risk Averse Entrepreneur with Hidden Savings
This figure presents the scaled value function f (X ) (left panel) and the investment-to-capital ratio i (X ) (right

panel) under the optimal contract characterized in Proposition 3. Parameters are r = 0.1, σ= 0.5, δ= 0.2, λ= 0.1,

θ = 1, α= 1, ρ = 0.05. The blue solid line corresponds to γ= 0.5, and the red dashed line corresponds to γ= 2.5.

The hump-shaped investment policy i (X ) implies a major difference brought by the en-

trepreneur’s risk-aversion: the equilibrium investment policy is non-monotonic, both as a func-

tion of the state variable X , and in terms of its correlation with the expected productivity growth

rate µ, which monotonically increases in X . Recent work by Celik, Tian, and Wang (2020) finds

a hump-shaped investment pattern for innovations. That is, the likelihood of acquisition is the

highest when a firm has an intermediate level of innovation growth rate. Proposition 3 thus

offers a plausible explanation for such observation. Nevertheless, because the investor is still

risk-neutral, the first-best level of investment is identical to that given in (32).33 In the presence

of agency friction with a risk-averse entrepreneur, the equilibrium investment can still be either

higher or lower than the first-best level. That is, both overinvestment and underinvestment can

occur in the equilibrium, which is in contrast to existing models with a risk-averse agent (e.g.,

Hirshleifer and Thakor (1992)) that predict only underinvestment as the result of the agency

frictions.

Figure 3 also highlights how the value of the business and the intensity of investment vary

with the entrepreneur’s degree of risk-aversion γ. First, γ does not affect the equilibrium invest-

ment policy, as shown in equation (47) and plotted in the right panel of Figure 3. However, γ

does negatively affect the equilibrium expected productivity growth rate, as shown in equation

(48). This in turn explains how the investor’s value function f (X ) varies with γ, as plotted in

33Under the first-best scenario, the entrepreneur’s risk-aversion is irrelevant. He receives a constant consump-
tion (complete risk-sharing) and exerts a constant level of effort µF B .
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the left panel of Figure 3. Because µ is lower when γ is higher, when X is small and µ is too low

compared to the first-best level, a higher γ exacerbates the under-investment problem in pro-

ductivity growth, resulting in a lower f (X ) for the investor. In contrast, when X is large and µ is

too high compared to the first-best level, a higher γ alleviates the over-investment problem in

productivity growth, resulting in a higher f (X ) for the investor. Because X varies according to

the history of cash flows, these results imply an empirically testable hypothesis: the correlation

between a firm’s value and its cash-flow history is stronger (weaker) when the entrepreneur is

less (more) risk-averse.34

5 Discussions and Extensions

This section offers some extensions of the baseline model. First, I demonstrate that the model

can be easily modified to accommodate the setting in which the investor’s objective is to max-

imize the valuation of the business. Next, I discuss the model implications if the investor can

directly observe the cash flow.

5.1 A Valuation Model

In the baseline model, the output is assumed to be cash flows produced by the entrepreneur’s

technology. As discussed in Section 2.2, this is both a common choice in the literature and a

popular objective of the investors in practice. However, the model can be easily modified to

study the optimal investment policies when the investor’s object is to maximize the valuation

of the business.

The valuation model requires slightly different assumptions than those made for the cash-

flow model. Let Vt be the total value of the business given by

Vt = At Kt , (50)

where At , instead of representing the productivity, now measures the (gross) return of capital

(ROC). Because returns are most naturally modeled with a geometric Brownian motion, At is

assumed to evolve according to

d At = At
(
µt −R(Mt )d t +σd Zt

)
. (51)

34Although out of the scope of this paper, recent studies (especially in the corporate finance literature) have
identified several empirical proxies for the entrepreneur’s degree of risk aversion, such as gender (Faccio, Marchica,
and Mura (2016)), political preferences (Hutton, Jiang, and Kumar (2014)), early-life disasters (Bernile, Bhagwat,
and Rau (2017)), and the possession of private pilot licenses (Cain and McKeon (2016), Sunder, Sunder, and Zhang
(2017), Bakke, Feng, Mahmudi, and Zhu (2020)), etc.
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The exact same agency frictions in the baseline model still exit for the valuation model: the

investor does not observe the true return At or the total valuation Vt . The entrepreneur reports

the values Ât and V̂t , while he privately controls the expected returnµt and can divert firm value

(Bt ) to generate private benefit.35 The “stock of misconduct" Mt follows the same definition in

(8) as the difference between the reported firm value V̂t and its true value Vt plus the amount of

diversion:

d Mt = dV̂t −dVt +Bt d t . (52)

A contract is defined according to Definition 1: the investor decides the investment policy It

and compensation to the entrepreneur Ct based on the entrepreneur’s reports. Incentive com-

patibility follows Definition 2, involving no shirking, misreporting, or diversion of firm value.

The entrepreneur’s problem is similar to (10), subject to the true and reported paths of K , A,

and V . The investor’s problem is similar to (19), and the optimal contract follows Definition 3.

In the subsequent analysis, I assume that the entrepreneur is risk-neutral with a liquidity

constraint as in Section 3.1. This setting delivers the most interesting and empirically relevant

implications. To ensure tractability, the follow modifications to Assumptions 1 and 2 are made:

Assumption 4 The entrepreneur is risk-neutral with a liquidity constraint. His utility function

is given by ut = u(ct ,bt ,µt ) where

u(c,b,µ) =
[

c +λb − α

2
µ2

]
V . (53)

The adjustment cost of capital is given by G(I ,V ) = g (i )V , where g (i ) = i + θ
2 i 2, and the persistent

effect of misconduct is given by R =−ρm for some parameters θ > 0, ρ > 0. The lower case letters

c,b, i , and m all represent the value of their corresponding capital letters scaled by firm value V .

When the contract terminates, the business is liquidated at a discounted value lV with l < 1.

These assumptions are made such that the value function, or Tobin’s average q of the business,

can still be characterized with a single state variable X ≡ P/V . The following proposition, which

is similar to Proposition 2, summarizes the optimal contract and the resulting policies:

Proposition 4 Under Assumption 4, the investor’s value function F (V , A,P,W ) = f (X )V −W ,

where f (X ) solves the following HJB equation:

r f (X ) =µ(X )+ i −δ− g (i (X ))− c(X )+ (i (X )−δ)
[

f (X )−X f ′(X )
]+ (ρ− r )X f ′(X ) , (54)

35For example, using depository shares of Luckin Coffee as collateral, the CEO and the chairman of the board
of Luckin both borrowed hundreds of millions dollars from Goldman Sacks and other financial institutions for
their personal investments elsewhere (e.g., in Car Inc.). Following Luckin’s accounting scandal and the subsequent
collapse of its share prices, they failed to pay back those loans.
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with boundaries condition f (λ) = l . The investor’s optimal policies {it ,µt ,ct } are all functions of

X t given by

i (X ) = f (X )−X f ′(X )

θ
, (55)

µ(X ) = X

α
, (56)

c(X ) = X 2

2α
. (57)

The implications of Proposition 4 are illustrated in Figure 4. The left panel plots the scaled

value function f (X ), which also equals the Tobin’s (average) q of the business defined as qa ≡
(F +W )/V = f (X ). The right panel plots the equilibrium investment i (X ), expected return µ,

and the first-best level of investment. Similar to the implications in Section 3.3, investment

can be higher or lower than the first-best level, which explains the hump-shape of the value

function. Both the investment and expected return of capital are increasing in the state variable

X , while qa is non-monotonic in X . Therefore, the model predicts a strong correlation between

investment and the expected return of capital and a weak or even negative correlation between

investment and Tobin’s q .

Scaled Value Function f (X ) Investment and Expected Return of Capital

Figure 4: Optimal Contract: the Valuation Model
The left panel of this figure plots the scaled value function f (X ). The right panel plots the equilibrium investment

i (X ), expected return of capital µ, and the first-best level of investment. Parameters are r = 0.1, σ = 0.5, δ = 0.2,

λ= 0.1, θ = 1, α= 1, l = 0.9, and ρ = 0.01.
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5.2 The Role of Unobservable Cash Flows

The most critical assumption made in this paper is that of the entrepreneur’s “black box" tech-

nology. The investor is assumed to be unable to observe the output (the cash flows) directly and

must rely on the entrepreneur’s report of it. In this section, I highlight the changes in the results

of the model if cash flows become directly observable to the investors. This particular exten-

sion brings this model closer to that studied in Marinovic and Varas (2019). To offer the most

natural comparison between the two models, I explore this extension in the same setting as in

Marinovic and Varas (2019): a risk-averse entrepreneur with CARA utility and hidden savings.

The following proposition summarizes the IC conditions under this new setting:

Proposition 5 Given Assumptions 1, 3, and the assumption that the investor observes the real-

ization of cash flows, there exists F -adapted processes {φt ,βt } such that, under the incentive-

compatible contract,

dPt =
(
r −ρ)

Pt d t −φt Pt d Zt , (58)

dWt =−βt Wt d Zt . (59)

Let X t ≡ Pt /Wt . The necessary incentive compatibility conditions are

αγrµt Kt = βt

σ
, (60)

λγr Kt = X t − βt

σ
. (61)

The IC conditions in Proposition 5 are different from those in Proposition 3 but resemble those

in Marinovic and Varas (2019). Because cash flow is observable, both shirking and cash flow

diversion have the direct impact of lowering the current cash flow and therefore, lowering the

entrepreneur’s continuation utility. Consequently, the entrepreneur is more constrained in his

private actions: if he diverts cash flows but does not want to suffer immediate punishment in

his continuation utility, he must exert higher effort in raising the productivity growth rate.36 In

particular, equation (60) states that the entrepreneur’s effort is fully determined by the current

pay-performance sensitivity βt , which is similar to the static tradeoff between effort and con-

tinuation utility in standard moral hazard models without persistent private information (e.g.,

DeMarzo and Sannikov (2006), Biais et al. (2007), Sannikov (2008), etc). Meanwhile, cash-flow

diversion has the further cumulative impact on the long-term cash-flow growth. However, be-

cause the entrepreneur cannot misreport cash flows, the size of the investment Kt is bounded

36Feng and Westerfield (2020) adopt a similar technique to study the private choice of volatility in a continuous-
time dynamic principal-agent model. In that model, the visibility of cash flow means that its total volatility can be
inferred by the principal. However, the agent has private control over the composition of the cash-flow volatility
and must be offered appropriate incentives to not deviate from the composition that the principal desires.
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by not only the stock of future incentives but also the current incentive. When X t is too low

(e.g., because the entrepreneur’s continuation utility Wt is too high), inefficient termination

may be required, as the stock of incentives is not sufficient to support the investment of even

the smallest business.37

Despite the resemblance of the agent’s problem between this version of the model and that

studied in Marinovic and Varas (2019), the principal’s problem remains meaningfully different.

In addition to the design of managerial compensation in Marinovic and Varas (2019), the in-

vestor in this model also designs the optimal productivity growth and financing policies. The

underlying mechanisms driving those policies are similar to those analyzed in Proposition 3

while taking into account the different IC conditions presented in Proposition 5.

6 Conclusion

Financing and investment decisions are critical for the growth and prosperity of a modern econ-

omy. However, those decisions are faced with new challenges given the recent development of

technology and globalization. On the one hand, the success of a modern business relies heavily

on adopting cutting-edge technologies. On the other hand, the rapid development of modern

technologies, often taking place at various locations in the world, has created an information

barrier between investors and entrepreneurs. Certain businesses and investment opportunities

may be black boxes to general investors: while investors control their investment and receive

reports on the outputs, they have little knowledge of the internal production process of those

reports and how accurately they reflect the true productivity and return to their investments.

This information barrier provides a breeding ground for agency frictions, which can result in

not only instantaneous social costs but also persistent impact on a firm’s long-term growth.

This paper aims to understand the implications of opaque production technologies on firms’

financing and investment behaviors. Based on a dynamic investment model with persistent

private information, I demonstrate various implications that are absent in standard models

without the persistence of private information but are consistent with empirical observations.

Moreover, the model illustrates the critical roles played by certain economic factors that are

usually omitted in standard investment and financing theories. Those factors include the in-

vestor’s ability to directly observe the output and the degree of persistence of the impact of

agency frictions on future firm value.

There are several directions in which this model might be fruitfully extended. The most

37As noted in Section 3.1, termination in a model of this kind requires additional assumptions on the terminal
information received by the investor and a compensation scheme conditional on the signal and the stock of incen-
tives. Marinovic and Varas (2019) propose a possible termination mechanism in which the stock of incentives are
relaxed deterministically after the agent’s actions no longer influence the cash flow generating process. The details
are presented in Appendix B.
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natural is perhaps relaxing the investor’s commitment requirement. To maintain tractability,

the current model assumes that the investor can fully commit to her investment policies, even

when under- or over-investment becomes excessively inefficient and the resulting firm value is

extremely low. One may consider a model in which the investor has the ability to walk away

from the business in those situations, thus connecting this study to the literature of limited

commitment on the principal’s side.38 More generally, an explicit, detailed analysis of the in-

vestor’s exiting strategy through the means of liquidation, merger and acquisition, IPO, etc.,

may yield interesting new insights. I leave such analyses for future research.

38As in e.g. Ai and Li (2015), Miao and Zhang (2015), Ai et al. (2020), Feng (2020), etc.
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Appendix A. Proofs

Proof of Proposition 1

The proof follows the stochastic maximum principle technique with a change of measure developed
in Williams (2011, 2015), and Marinovic and Varas (2019). Let P be the probability measure under the
entrepreneur’s actions and P̂ be the probability measure induced by his report, there exists a process ηt

such that the Radon-Nikodym derivative between P̂ and P is given by

ξt ≡ d P̂

dP
= exp

(
−1

2

∫ t

0
η2

s d s +
∫ t

0
ηsd Zs

)
. (A-1)

This implies

dξt = ηtξt d Ẑt (A-2)

d Zt =−ηt d t +d Ẑt . (A-3)

This technique allows me to evaluate the entrepreneur’s expected payoff from any deviation on the prob-
ability measure induced by Ẑt . The entrepreneur’s problem is therefore

max EẐ
[∫ τ

0
e−r tξt u

(
Ct +λBt − α

2
µ̂2

t Kt

)
d t +e−rτξτWτ

]
, (A-4)

subject to

dξt =ηtξt d Ẑt (A-5)

d Mt =
(
µ̂t −µt −R(Mt )+Bt −ηtσ

)
d t , (A-6)

where {µt ,Bt ,ηt } are the entrepreneur’s choice variables and µ̂t is the investor’s report (which obviously
must equal the recommended action). This optimization problem can be written as the following (first-
order current value) Hamiltonian system:

H =ξu
(
C +λB − α

2
µ̂2K

)
+qξηξ+pM (

µ̂−µ−R(M)+B −ησ)
, (A-7)

with adjoint variables pM
t and pM

t following the laws of motion at the optimum (µ = µ̂, B = η = M = 0,
ξ= 1):

d pM =r pM d t −
(
∂H

∂M

)
d t +q X d Ẑ = r pM d t −pM R0d t +q M d Ẑ (A-8)

d pξ =r pξd t −
(
∂H

∂ξ

)
d t +qξd Ẑ = r pξd t −ut d t +qξd Ẑ . (A-9)

These adjoint variables can be interpreted by integrating their laws of motion to obtain

pξ
t = Et

[∫ T

t
e−r (s−t )usd s +e−r (T−t )WT

]
, (A-10)

which represents the entrepreneur’s continuation utility, and can thus be denoted Wt , following the dy-
namic contracting literature conventions. Wt is a martingale and by the martingale representation the-
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orem, there exists a F -adapted process βt such that

dWt = r Wt d t −ut d t −βt Wt d Zt . (A-11)

Similarly, pM
t is the solution to

pM
t = Et

[∫ T

t
e−r (s−t )pM

s R0d s +e−r (T−t )pM
T

]
< 0 , (A-12)

which represents the discounted marginal value of the persistent impact of misconduct. Define Pt ≡ pM
t

and by the martingale representation theorem, there exists a F -adapted process φt such that

dPt = (r −R0)Pt d t −φt Pt d Zt . (A-13)

Finally, the Hamiltonian system yields the following first-order conditions evaluated at the optimum:

HB : uB +P ≤ 0 (A-14)

Hµ : uµ−P = 0 (A-15)

H∆µ : βt =σ Pt

Wt
, (A-16)

where the last equation uses the fact that qξ = −βW . These first-order conditions correspond to (15),
(16), and (17), respectively. ä

Proof of Proposition 2

Given Assumptions 1 and 2, the entrepreneur’s first-order conditions can be re-written as

λK +P ≤ 0 ⇒λ≤ X (A-17)

αµK = P ⇒µ= X

α
, (A-18)

where X ≡ P/K . The investor’s HJB equation (20) becomes

r F (K ,P,W ) = max
µ,c,φ,β

(
µ− g (i )− c

)
K + (i −δ)K FK + (r −ρ)PFP + 1

2
φ2P 2FPP

+ (r −u)W FW + 1

2
β2W 2FW W −φβPW FPW , (A-19)

with constraints (A-16), (A-17), (A-18), and c ≥ αµ2K /2. Conjecture that F (K ,P,W ) = f (X )K −W , then
FK = f (X )−X f ′(X ), FP =− f ′(X ), FW =−1, FW W = FPW = 0, which imply φ= 0 and c =αµ2K /2. Substi-
tuting these terms into the investor’s HJB equation implies f (X ) solves:

r f (X ) = max
i

(
µ− g (i )− c

)+ (i −δ)( f (X )−X f ′(X ))+ (r −ρ) f ′(X ) , (A-20)

with boundary condition f (λ) = l . The first-order condition for i yields:

g ′(i (X )) = 1+θi = f (X )−X f ′(X ) ⇒ i (X ) = f (X )−X f ′(X )−1

θ
. (A-21)

ä
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Proof of Proposition 3

Under Assumptions 1 and 3, the entrepreneur’s problem (A-4) has an additional state variable St where

dSt = r St d t + (Ĉt −Ct )d t , (A-22)

where Ĉt represents the entrepreneur’s reported level of consumption (which obviously must equal the
investor’s recommended level). The Hamiltonian system (A-7) now becomes

H =ξu
(
C +λB − α

2
µ̂2K

)
+qξηξ+pM (

µ̂−µ−R(M)+B −ησ)+pS(r S + Ĉ −C ) , (A-23)

with an additional adjoint variable pS
t following the law of motion at the optimum (µ= µ̂, C = Ĉ , B = η=

M = S = 0, ξ= 1):

d pS =r pSd t −
(
∂H

∂S

)
d t +qSd Ẑ = qSd Ẑ , (A-24)

and an additional first-order condition for C :

HC : −γu +pS = 0 . (A-25)

He (2011), He et al. (2017), Williams (2015) and Marinovic and Varas (2019) show that (A-24) and (A-25)
combined imply that u = r W . Consequently, the first order conditions (A-14), (A-15), and (A-16) become

γλr Kt = X t (A-26)

γαrµt Kt = X t (A-27)

βt =σX t , (A-28)

where X t ≡ Pt /Wt , and (14) becomes

dWt =−βWt d Zt . (A-29)

By Ito’s lemma,

d X t =
[
(r −ρ)+βt −φtβt

]
X t d t + (

βt −φt
)

X t d Zt . (A-30)

Therefore, (A-26) and (A-28) imply that φt =σX t , and

it = r −ρ+δ+σX t − (σX t )2 . (A-31)

Finally, following the same calculation in Williams (2015) and Marinovic and Varas (2019),

ct = 1

r

(
1

2rγα
+σ2

)
X 2

t . (A-32)

Substituting all results above into the investor’s HJB equation (20) implies that the investor’s value func-
tion F (K ,P,W ) = f (X )K , where f (X ) solves

r f (X ) =µ(X )− g (i (X ))− c(X )+ (i (X )−δ)X f ′(X ) , (A-33)

and µ(X ), i (X ),c(X ) are given by (A-27), (A-31), and (A-32), respectively. ä
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Proof of Proposition 4

The proof is very similar to that for Proposition 2. Thus, only the differences will be highlighted below.
Under Assumption 4, the entrepreneur’s IC conditions (A-14) and (A-15) become

λV ≤−P (A-34)

αµV = P , (A-35)

while (A-16) stays the same. Consequently, let X ≡−P/V , the investor’s HJB equation (20) becomes

r F (V , A,P,W ) = max
µ,c,φ,β

(
µ+ i −δ− g (i )− c

)
V + (i −δ)V FV + (r −ρ)PFP + 1

2
φ2P 2FPP+

+µAFA + (r −u)W FW + 1

2
β2W 2FW W −φβPW FPW , (A-36)

with constraints (A-16), (A-34), (A-35), and c ≥αµ2V /2. Conjecture that F (V , A,P,W ) = f (X )V −W , then
FV = f (V )−V f ′(V ), FP =− f ′(V ), FW =−1, FW W = FPW = 0. Together they imply φ= 0 and c =αµ2V /2.
Substituting these terms into the investor’s HJB equation implies that f (X ) solves

r f (X ) = max
i

(
µ+ i −δ− g (i )− c

)+ (i −δ)( f (X )−X f ′(X ))+ (r −ρ) f ′(X ) , (A-37)

with boundary condition f (λ) = l . The first-order condition for i yields:

g ′(i ) = 1+θi = 1+ f (X )−X f ′(X ) ⇒ i = f (X )−X f ′(X )

θ
. (A-38)

ä

Proof of Proposition 5

When Yt is observable, dŶt = dYt , and the measure difference ηt defined in (A-1) must satisfy

ηt =− µ̂t −µt +bt

σ
. (A-39)

η is no longer a choice variable for the entrepreneur’s maximization problem (A-4). Under CARA utility
and hidden savings, the Hamiltonian system (A-7) becomes

H =ξu(c,b,µ)−qξ
(
µ̂−µ+b

σ

)
ξ+pM b +pS (r S + (ĉ − c)K ) . (A-40)

The first-order conditions for {b,µ} evaluated at the optimum (µ= µ̂,c = ĉ,b = m = S = 0,ξ= 1) are

Hb : γλuK = qξ

σ
−pM (A-41)

Hµ : γαµK = qξ

σ
. (A-42)
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The same argument in the proof of Proposition 3 implies that u = r W and qξ = −βW . Therefore, let
X t ≡ pM /Wt , the first-order conditions above become

Hb : γλr K = X − β

σ
(A-43)

Hµ : γαrµK = β

σ
. (A-44)

ä

Appendix B. Sufficiency of the IC Conditions

The IC conditions in Propositions 1, 2 and 3 are given in the forms of necessary conditions. Williams
(2011) provides a set of sufficient conditions for models involving persistent private information under
relatively general assumptions. However, as noted in Williams (2011), in many cases those sufficient
conditions are “overly stringent or difficult to verify", and the verification typically require re-solving the
agent’s problem via numerical methods given the contract derived under the necessary conditions.

In light of these observations, in this section I mainly discuss the sufficiency of Propositions 2 and 3.
Although they are derived under different entrepreneur’s utility functions, in terms of their sufficiency,
the same basic idea applies: that is, taking the contract as given, using the entrepreneur’s utility and
marginal utility under the contract to bound the entrepreneur’s utility gains from any deviation.

For the risk-neutral entrepreneur, let U (P,W, M) denote his value function from a deviation, under
Assumptions 1 and 2, U (P,W, M) solves the following HJB equation:

rU = max
b,µ,η

λbK − α

2

(
µ2 − µ̂2)K + (r −σηφ)PUP + (r W −σηP )UW + (

b + µ̂−µ+ση)
UM

+φ2P 2UPP +β2W 2UW W +βφPW UPW . (A-45)

It is easy to verify that U =W +P M . Therefore, FPP = FW W = 0, UP = M , UW = 1, and UM = P . Substitut-
ing these results with the HJB equation yields

rU = max
b,µ,η

λbK − α

2

(
µ2 − µ̂2)K + (r −σηφ)P M + (r W −σηP )+ (

b + µ̂−µ+ση)
P . (A-46)

The first order conditions for b,µ are

λK +P ≤ 0 (A-47)

αµK +P = 0 . (A-48)

which implies b = 0 and µ= µ̂ if (25) and (26) are satisfied. Furthermore, η= 0 because φ= 0 under the
optimal contract (see the proof of Proposition 2).

The argument above ensures that the entrepreneur does engage in intertemporal misconduct for the
duration of the contract. Ensuring that he does not engage in misconduct at the time of contract termi-
nation (e.g. by reporting an infinitely large amount of output right before termination) requires a certain
information structure and compensation policy through which the stock of misconduct can be unwound
at termination. For example, suppose the investor receives a contractible binary signal that is either pos-
itive or negative, and can design the terminal payment to the entrepreneur based on the signal received.
The probability of the negative signal is Π(MT ), where πM = ΠM > 0, and pays the entrepreneur either
ζhWT or ζl WT (ζh > ζl ) based on the signal. Intuitively, the signal can be be interpreted as an external
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audit when the investor liquidate or exit the business. The auditing technology is imperfect, but the more
misconduct the entrepreneur has accumulated at the time of termination, the more likely he generates
the negative signal and receive the lower payment. Then, the necessary conditions in Proposition 2 are
sufficient as long as

WT = ζl WTΠ0 +ζhWT (1−Π0) (A-49)

PT = ∂

∂M
[ζl WTΠ0 +ζhWT (1−Π0)] (A-50)

for any WT ,PT . That is, the entrepreneur’s expected payment is exactly WT and his marginal value of
misconduct is exactly PT . Recall the definition of X =−P/W > 0, (A-49) and (A-50) imply that

ζh = 1+
(
Π0

π0

)
XT (A-51)

ζl = 1−
(

1−Π0

π0

)
XT (A-52)

Verifying the sufficiency of Proposition 3 follows a very similar procedure above utilizing the same
technique as in Williams (2015) and Marinovic and Varas (2019), both of which study continuous-time
dynamic moral hazard models of persistent private information with CARA utility and hidden savings. In
particular, the arguments in Williams (2015) Section 5.4. resemble (A-45), (A-46), and the ensuing first-
order conditions for the entrepreneur’s intertemporal deviation strategies. The details are thus omit-
ted in the interest of space. Meanwhile, Marinovic and Varas (2019) Section V.A. introduces a feasible
compensation policy at the time of contract termination that achieves the same purpose of the analysis
around (A-49) to (A-52). They assume that the optimal contract deterministically relaxes PT over a fixed
vesting period. In the setting of Proposition 3, this is equivalent to assuming that after contract termi-
nation at T , the terminal payment to the entrepreneur is vested gradually over a period of length τ > 0
via a stream of consumption that is conditional on the realization of the output. Critically, Assumption
1 still holds in this vesting period. That is, the stock of misconduct accumulated up to time T still bears
a negative, persistent impact on the drift of the output. Under CARA utility the investor’s optimization
problem at T can be formulated as the following cost-minimizing problem:

max
βt

∫ T+τ

T
e−r (t−T ) β

2
t

2rγ
d t (A-53)

s.t. PT =
∫ T+τ

T
e−r (t−T )βt

σ
WT d t (A-54)

where βt is the entrepreneur’s pay-performance-sensitivity in (A-29) and the constraint (A-54) comes
from the of the interpretation of Pt as the stock of future as given in (12). Intuitively, if the entrepreneur
carries any stock of misconduct to the time of termination, the average output during the vesting pe-
riod is lower due to the persistent negative effect of the misconduct, which in turn reduces his average
consumption in that period. Combining this termination strategy with the entrepreneur’s intertemporal
value function for the CARA utility ensures that the conditions in Proposition 3 are also sufficient.

To the best of my knowledge, the deterministic relaxation of the stock of incentives in Marinovic and
Varas (2019) and the binary signal and compensation structure illustrated in equations (A-49) to (A-52)
are the only two analytically tractable methods available for ensuring the sufficiency of the necessary
conditions for dynamic moral hazard problems with persistent private information. Despite their rather
parsimonious nature, as noted in Marinovic and Varas (2019), stochastic treatment of this terminal value
problem has not been systematically studied in the literature yet and is thus left for future research.
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