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Abstract

How much information about financial institutions’ balance sheets should regulators pass on to
the market? To minimize the probability of inefficient default, the regulator optimally designs a
disclosure regime that imposes transparency when the firm has weak fundamentals and opacity,
otherwise. Intuitively, strategic complementarities among the investors, which are exacerbated
by financial constraints, induce a preference for granular disclosures. The optimal policy is
robust to investors’ adversarial coordination and to the firm’s agency, and remains optimal even
if the firm can circumvent regulation and signal residual private information to the market. My
results shed light on the optimal design of regulatory disclosures in environments with strategic

complementarities, and provide a foundation for many empirical regularities found in practice.
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1 Introduction

Information plays a key role in financial markets. Market participants routinely gather information
from private and public sources and make investments decisions based on their findings. Information
is especially critical for investors in institutions facing financial constraints, as the stakes are typically
high and the survival of these institutions directly depends on the investors’ decisions whether to
continue pledging funds. However, how much information about these financial institutions’ balance
sheets should a regulator pass on to the market? Timely disclosures have the potential to restore
market confidence about troubled institutions;! however, when not carefully designed, they risk
unintentionally catalyzing a crisis.

When a regulator discloses information about a financial institution, she speaks to multiple
audiences who care about different aspects of the institution’s private information. Consider, for
example, long-term investors interested in the profitability of the firm’s assets (e.g., equity holders),
short-term creditors (e.g., money market mutual funds) concerned about the firm’s liquidity position,
speculators interested in the fate of the firm, or counterparties exposed to a potential default.
An optimally designed regulatory disclosure must necessarily account for the strategic reactions it
induces in these multiple audiences.

Despite the recent attention that regulatory disclosures have received from the theoretical litera-
ture, the natural question concerning the optimal degree of transparency of such policies is not clear.
One of the reasons behind this observation is the assumption, often encountered in the literature, of
a single audience for the regulator’s disclosure, which to a large extent oversimplifies the problem.
When this is the case, the optimal policy is opaque and consists of a recommendation to the market
whether to keep pledging funds to the firm.2 In most cases this takes the form of a pass/fail test.
With multiple audiences, however, disclosures intended for a particular audience are simultaneously
observed by the rest of the market participants, generating an endogenous market reaction. As a
result, the optimal degree of transparency of such disclosures is no longer clear.

Stated differently, a crucial ingredient determining regulatory disclosures’ optimal degree of
transparency is the strategic interaction among the multiple types of market participants concerned
about the institution’s (multidimensional) private information. This paper aims to shed light on
this question and inform the debate on the optimal design of such disclosures.

I argue that the optimal level of transparency of regulatory disclosures is directly linked to
the degree of strategic complementarities among the market participants directly concerned with
the institution’s fundamentals. When investors’ incentives to pledge funds to the firm comove
with other investors’ decisions to provide financial support, then optimal regulatory disclosures
aimed at maximizing efficiency (e.g., the flow of funds to solvent but potentially illiquid institu-

tions) become transparent with respect to the institution’s fundamentals. Intuitively, with strategic

'In the context of the global financial crisis, many scholars and regulators alike have argued that disclosing
information about the health of systemically important banks, was a critical inflection point because it restored
market confidence by providing investors with credible information about potential losses (Bernanke (2013), Hirtle
and Lehnert (2015)).

2This is a manifestation of the revelation principle (Myerson (1982), Myerson (1986)).



complementarities, there exists an endogenous amplification effect associated with increasing the
market’s perception about the firm’s financial health. Improving the investors’ assessment of the
firm’s fundamentals induces investors to pledge more funds to the firm. The additional funds lead
other investors to pledge more funds, which feeds back and induces yet more market participants
to provide larger financial support. Thus, the complementarities between the investors induce an
amplification mechanism that translates into a convex market response in the perception of the
firm’s fundamentals. These convexities imply that a regulator concerned with maximizing efficiency
strictly benefits from finer disclosure policies. More granular disclosures increase the regulator’s (ex
ante) expected payoff in the same manner as a risk-loving decision maker benefits from swapping
deterministic outcomes for lotteries with the same expected outcome.

Financial constraints exacerbate the complementarities among the financial institution’s multiple
audiences. When the difference between the amount of funds the firm can raise on short notice (e.g.,
by selling assets or pledging them as collateral) grows small with respect to the size of liabilities that
may suddenly dry up (e.g., commercial paper, certificates of deposit), investors become concerned
about whether the firm will be able to meet its short-term obligations. Investors’ incentives to
pledge funds then comove with other investors’ funding decisions. Indeed, observing other market
participants pledge funds, e.g., by purchasing the firm’s assets, by lending short-term funds, or by
refraining from speculating against the firm, increases each market participant’s own incentives to
provide financial support to the firm.

To fix ideas, consider the following minimal model that preserves the richness of the problem.
The economy consists of a firm, a regulator, and two audiences: asset market investors and short-
term creditors (henceforth, AM investors and ST creditors). The firm has private information about
two dimensions, namely, (i) the long-term profitability of its assets and (ii) its liquidity position.
I refer to these two variables as the firm’s fundamentals. Uncertainty about the fundamentals is
gradually resolved. While the profitability of the firm’s assets is determined early, the firm’s liquidity
is determined at a later stage after a shock (potentially) materializes. The timing is meant to reflect
the idea that the profitability of the firm’s assets depends on investment decisions made in the
past, whereas the firm’s liquidity is subject to shocks and may suddenly dry up. The regulator’s
technology allows her to design regulatory disclosures about the firm’s fundamentals.?

The first audience, AM investors, is primarily interested in learning about the profitability of
the firm’s assets (e.g., the amount of nonperforming loans). The second audience, ST creditors,
on the other hand, is concerned with the firm’s liquidity and its ability to repay short-term debt.
Nevertheless, AM investors also care about disclosures concerning the firm’s liquidity, as such in-
formation affects ST creditors’ decisions of whether to roll over the firm’s short-term debt. Given
that ST creditors’ claims are senior to those of AM investors, the latter may be wiped out if ST
creditors choose to run. Therefore, AM investors are indirectly affected by disclosures about the

firm’s liquidity. In turn, ST creditors indirectly care about the profitability of the firm’s assets.

3As is standard in the information design literature, I assume that the regulator has commitment power and
chooses the information disclosure policy before observing the true realization of the firm’s fundamentals.
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Figure 1: Persuading multiple Audiences.

Disclosures about this dimension determine the funds the firm can raise from AM investors either
via asset sales or with collateralized borrowing.? The optimal regulatory disclosure thus has a fixed-
point structure in that disclosures about one of the dimensions (e.g., asset profitability) account
not only for the reaction of the audience who directly cares about that dimension (AM investors)
but also for the endogenous reaction of the audiences who indirectly care about that dimension (ST
creditors).

Using tools from the information design literature, I characterize the optimal public disclosure
policy among all possible signal structures. I show that when the profitability of the firm’s assets
exceeds a threshold, the optimal policy is opaque and minimizes the information passed on to the
market. By contrast, when the profitability of its assets falls below such a threshold, the optimal
policy is transparent and provides granular information to all market participants.

The asymmetric structure of the optimal policy stems from the strategic interaction of the two
audiences. When the profitability of the assets is low, the amplification mechanism described above
gains traction. Improving the perception about the profitability of the firm’s assets induces AM
investors to pay larger prices for them. The additional funds increase the probability that the firm
survives an eventual run by ST creditors. The higher resilience then induces AM investors to offer
even higher prices for the firm’s assets, and so forth. Thus, when the firm’s financial constraints are
stringent, the complementarities between the audiences gives rise to the amplification mechanism
that translates into a convex survival probability in the perceived profitability of the firm’s assets.
The regulator thus prefers transparent disclosures over coarser rules.

In contrast, when the profitability of the firm’s assets is high, the strategic complementarities
weaken, and the amplification mechanism fades. The firm may prevent default altogether by raising
sufficient funds to persuade ST creditors that it has enough liquidity buffers. Doing so dissipates
the complementarities because AM investors are no longer concerned about ST creditors’ behav-

ior. Using a transparent policy in this case does not help and, in fact, may reduce risk-sharing

“Bolton et al. (2011) refer to the funds the firm is able to raise via asset sales or with collateralized borrowing as
outside liquidity and to the firm’s cash reserves as inside liquidity.



among firms with heterogeneous asset qualities. Thus, when the profitability of the firm’s assets is
sufficiently high, optimally designed disclosures are opaque.

I show that the predictions of the baseline model extend beyond the case of a single financial
institution with two types of investors. Indeed, the same economic phenomenon manifests in a
fairly large class of economies wherein the complementarities between market participants’ actions
are sufficiently strong. I show that as long as the audiences’ behavior is vulnerable to the behavior
of the other audiences, e.g., because of financial constraints, the optimal disclosure policy features
a dichotomy between transparency and opacity, for poor and favorable fundamentals, respectively.

Furthermore, I show that the optimal disclosure policy is robust to both (a) adversarial coor-
dination among the investors and (b) the financial institution’s agency. On the first point, I take
a conservative approach and assume that when multiple outcomes are consistent with equilibrium
play, the audiences coordinate on the most adversarial (equilibrium) market response from the per-
spective of the regulator. This assumption captures the idea that when the regulator designs the
disclosure policy, she does not trust her ability to coordinate the market on her most preferred
outcome. Instead, the regulator is conservative and assumes that after disclosing the firm’s infor-
mation, the audiences will coordinate on the worst equilibrium profile. The optimal policy is thus
conservative and accounts for the worst-case scenario.

Second, I assume that the financial institution is strategic and reacts to the regulator’s disclo-
sures. After the regulator reveals some of the firm’s information to the market, the firm optimally
chooses its funding strategy to maximize its profit. Optimal disclosures thus need to anticipate the
firm’s behavior and incorporate it into the design of the disclosure policy. Moreover, a financial insti-
tution with private information (arguably the more relevant case) may attempt to signal its residual
private information (i.e., information not disclosed by the regulator) by strategically choosing its
funding strategy, e.g., by choosing the security it sells to investors. Indeed, in many applications of
interest, the firm’s private information may be an important concern. In the case of banking, e.g.,
regulators and market participants alike pay close attention to the bank’s superior information with
respect to its opaque balance sheet (e.g., the amount of nonperforming loans). The firm’s actions
are then usually scrutinized and used as signals of its residual private information. I show that the
optimal policy is robust to these signaling incentives. The optimal policy has the interesting feature
that it induces no further revelation of the firm’s private information to the market.

The theory in this paper predicts that when an institution faces strong financial constraints
(e.g., a bank rolling over a large amount of short-term debt, an investment fund facing frequent
redemptions), it should be subject to regulatory disclosures displaying a negative relationship be-
tween the degree of transparency and the institution’s financial condition. The empirical literature
on regulatory disclosures has found regularities consistent with this prediction. In the context of
banks’ stress tests, there is evidence that institutions with weaker fundamentals (e.g., riskier assets,
larger quantities of nonperforming loans), are subject to more transparency than institutions with
stronger fundamentals (Morgan et al. (2014), Flannery et al. (2017), and Ahnert et al. (2018)). Chen
et al. (2022) find, in a recent paper, that Call Reports for US-based banks are more informative for



banks with worse-performing assets. In the context of investment funds, Agarwal et al. (2013) find
that hedge funds that request confidential treatment of their holdings in their Form 13F (i.e., those
that delay disclosing their holdings for 45 or more days), exhibit significantly higher performance.

Furthermore, the optimal policy’s asymmetric treatment between bad and good news is broadly
consistent with the conservatism principle usually promoted by accounting standard-setters. Ac-
cording to the dictum, financial institutions should record losses as soon as they learn about them,
whereas potential gains are to be recognized only after they materialize. A financial institution
adhering to this accounting standard is prone to disclose more granular information when its assets
perform poorly and to disclose coarser information otherwise, consistent with our insight. Thus,
the theory can provide a microfoundation for the widespread accounting practice.

The remainder of this paper is organized as follows. Below I complete the introduction with
a brief review of the pertinent literature. Section 2 presents the model. Section 3 describes the
equilibrium concept and its properties taking the information disclosed by the regulator as given.
Section 4 studies the optimal design or regulatory disclosures. Section 5.1 studies the robustness
of the optimal disclosure policy. Finally, Section 6 extends the insights of the baseline model to a

large class of economies. Omitted proofs are provided in the Appendix or Online Appendix.

Related literature. This paper is related to several strands of the literature. The first strand is
the literature on regulatory disclosures. Faria-e Castro et al. (2016) study information disclosure in
an environment with runnable liabilities and asymmetric information. The paper finds a monotonic
relationship between the government’s fiscal capacity and the regulatory disclosure’s level of trans-
parency. Goldstein and Leitner (2018) consider the problem of a regulator who seeks to facilitate
risk-sharing among firms with assets of heterogeneous qualities. Inostroza and Pavan (2019) fol-
low an adversarial approach and explore optimal disclosure policies with heterogeneously informed
receivers. They find that optimal policies delete strategic uncertainty but preserve structural un-
certainty.” Bouvard et al. (2015) study disclosures when firms are subject to rollover risk. The
regulator cannot ex ante commit to her disclosures and hence is subject to a policy trap in that dis-
closing information signals negative information to the market. In contrast, I assume the regulator
can commit to her disclosure policy before examining the firm’s balance sheet.® Orlov et al. (2017)
consider the joint design of stress tests and capital requirements. They study macroprudential stress
tests for firms with correlated exposures. Also related is Quigley and Walther (2020), who study
how firms react to regulatory disclosures by voluntarily disclosing private information. In my model,
firms cannot disclose hard information but may signal information through their funding strategy.

My paper also contributes to the growing literature of optimal disclosures with multiple au-
diences. Malenko et al. (2021) study proxy advisors’ recommendations to two type of investors,

subscribers and nonsubsribers. Li et al. (2021) study how to induce heterogeneous responses from

®The literature on regulatory disclosures has grown at a swift pace in the last few years. Some recent contributions
include Basak and Zhou (2020), Dai et al. (2021b), Huang (2020) Leitner and Williams (2021), Parlasca (2021),
Parlatore and Philippon (2020).

SRegulators usually publish scenarios and the statistics that will be disclosed as part of their disclosure exercises
prior to the assessment.



homogeneously informed audiences in the context of an entry game. Bond and Zeng (2019) study
verifiable disclosures when the receiver’s preferences are uncertain. Alonso and Camara (2016a)
and Bardhi and Guo (2018) consider disclosures to a jury in a voting context. Li et al. (2020) and
Morris et al. (2020) study persuasion with multiple receivers in binary action, supermodular games.

The paper also contributes to the extensive literature on security design with adverse selection,
as in Myers and Majluf (1984), DeMarzo and Duffie (1999), and DeMarzo and Fishman (2007),
among others.” T adopt the framework of Nachman and Noe (1994), who consider the problem of a
seller with private information about the profitability of her assets and who issues claims on them
in exchange for funds that help her meet a former liability. I modify their setting by introducing
an endogenous probability of default, which is determined in equilibrium. In contrast to their
celebrated result, which shows the existence of a unique equilibrium where all types of sellers pool
over the same debt contract, I show that introducing the endogenous probability of default brings
back multiplicity, but many of the qualitative properties in their paper remain true in this more
general environment.

Finally, this paper relates more broadly to the literature on information design. This literature
can be traced back to Myerson (1986). Recent developments include Kamenica and Gentzkow
(2011), Kamenica and Gentzkow (2016), and Ely (2017). Bergemann and Morris (2016a) and
Bergemann and Morris (2016b) characterize the set of outcome distributions that can be sustained
as Bayes-Nash equilibria under arbitrary information structures consistent with a given common
prior. Alonso and Camara (2016b) study public persuasion in a setting with multiple receivers with
heterogeneous priors. Basak and Zhou (2017) and Doval and Ely (2017) study dynamic games in

which the regulator can control both the agents’ information and the timing of their actions.

2 Baseline Model

Players and Actions. The economy consists of a firm, a regulator, and two audiences: Short-term
(ST) creditors and asset market (AM) investors. The firm may represent a financial intermediary
(e.g., a bank, an investment fund), a corporation, etc. ST creditors represent market participants
who have already pledged funds to the firm so that the latter invests the pool of funds and purchases
assets. ST creditors may represent depositors of a bank, investors in mutual funds, limited partners
in a VC fund, etc. AM investors, on the other hand, are agents who can purchase the firm’s assets
(or claims on them).

There are 3 periods, T' = {0,1,2}. The firm has two assets: (i) a safe and liquid asset (e.g.,
treasuries) and (ii) a risky and illiquid asset (e.g., a portfolio of loans, a venture project).® Both

assets mature in period 3. The safe asset and the risky asset deliver observable stochastic cashflows

"Recent developments study the interplay between information and security design. Some recent papers include
Daley et al. (2016), who consider the effect of ratings; Yang (2015), who studies security design with information
acquisition; Szydlowski (2018) and Inostroza and Tsoy (2022), who consider when the joint design of information and
securities; and Azarmsa and Cong (2020) who study the role of information in relationship finance.

8The illiquidity assumption captures the idea that the firm has technology to monitor the asset that cannot be
easily transferred to external investors.



0, and 0,., respectively.

In period 0, to increase the amount of liquid funds available in period 1, the firm can sell claims
on its risky assets (i.e., securities) to the asset market composed of a competitive and risk-neutral
continuum of AM investors on [0,1]. These are investors interested in the long-term profitability
of the firm’s assets. For each claim on the firm’s future cash flows s (described below), each AM
investor j € [0, 1], proposes a price p; € R;..

In period 1, the firm potentially suffers a temporary liquidity shock that impairs the safe asset,
turning a fraction w of the asset illiquid. Specifically, w € Q = [0, 1] represents the largest fraction
of the safe asset that the firm can liquidate during period 1 to repay early ST creditors. If the firm
liquidates a fraction v < w of its safe asset in period 1, it obtains vfs/R units of funds. A value
of w < 1 can be interpreted as an unexpected liquidity shock that reduces the amount of liquid
funds available at ¢ = 1 (e.g., haircuts imposed in the repo market). I assume that the fraction of
the safe asset that is not liquidated in period 1 becomes available in period 2; thus, w represents a
temporary liquidity shock.? +10

Finally, on the liability side of the balance sheet, a mass one of ST creditors, uniformly dis-
tributed over [0, 1], is endowed with a contract (di,ds). Each ST creditor has a claim promising a
payoff dy if the ST creditor redeems early in period 1 or equal to ds if the ST creditor waits and
redeems [ate in period 2. In the case of banking, e.g., these claims can be interpreted as uninsured
deposits (e.g., repo, certificates of deposit), and the decision to wait can be regarded as rolling
over the bank’s debt. In the case of an investment fund, on the other hand, these claims can be
interpreted as shares of the fund, and the decision to redeem early as the choice of selling the funds’
shares. In that case, d; represents the net asset value (NAV) of the fund. ST creditors can reinvest
the withdrawn funds elsewhere and guarantee a return normalized to 1. I assume that ST creditors’
contract (dp,ds) is exogenous.

Let a; € {0,1} denote the action chosen by ST creditor i, where a; = 1 represents the action of
withdrawing late, and a; = 0 represents the decision of withdrawing early. I denote by Agt € [0, 1]
the measure of ST creditors who pledge funds. Henceforth, I refer to the decision of redeeming
early (resp., late) as running (resp., pledging), and as early (resp., late) ST creditors to those ST
creditors who decide to run (resp., pledge). I assume that at most a fraction 1 — Ay € [0, 1] of ST
creditors can run on the firm (i.e., a fraction Ay of ST creditors always pledges). In the case of
banking, the fraction Ag represents the bank’s long-term debt, which is less susceptible to runs. In
the case of open-end funds, the fraction Ay may represent an exogenous inflow of funds (as in Chen
et al, 2010). In the case of VC or PE funds, on the other hand, the fraction Ay may capture lock-up
periods that prevent a fraction of ST creditors from running.

Fundamentals. The fundamentals of the firm’s balance sheet are captured by the random

9The banking literature usually assumes a penalty for liquidating assets early. I assume instead that a fraction
of the safe asset w remains perfectly liquid, whereas the remaining 1 — w fraction becomes completely illiquid (e.g.,
MBSs during the global financial crisis). This assumption is consistent with the evidence documenting a large amount
of heterogeneity in safe assets’ liquidity.

10This assumption is made to facilitate the exposition. A model where a 1 —w fraction of the safe asset is destroyed
during the interim period (i.e., a permanent liquidity shock) can be accommodated by assuming that inf Xr > di.



vector ¥ = (0,,05,w). The variable 8, represents the risky asset’s future cashflow, drawn from the
absolutely continuous cdf F, with support X, = [0,Z] C Ry. The variable 8 represents the safe
asset’s cashflow if held until period 2. I assume that @, is deterministic and satisfies 8; = R. The
variable w represents the liquidity of the safe asset and is drawn from F,, € A0, 1]. I assume that
F,, is absolutely continuous over [0,1) and that it has a mass point at w = 1 of size A € [0,1). In
other words, with probability A the firm is perfectly liquid.!!

Fund-raising Stage. In period 0, the firm sells a security s to AM investors, which corresponds
to a claim on the risky asset’s future cashflows. The market observes the security s issued by the
firm and prices it according to the available public information. Let P (x) be the market value of a
security promising to pay expected cashflows x = E (s(0,)). This pricing function is endogenously
determined in Section 3 and we treat it as given for the remainder of this section. If the firm
raises P (E (s(6,))) units of funds in period 0, then the amount of cash available to repay early
withdrawals in period 1 is given by w + P (E (s (6,))).

Exogenous Information. There is gradual resolution of uncertainty. At t = 0, the risky
asset’s cashflow, 0,., is drawn from F,.. The cashflow realization cannot be observed by any market
participant.!? The liquidity shock w is drawn from F,, € A[0,1] at the beginning of period 1 and
is only observed by the firm. The assumption of gradual resolution of uncertainty reflects the idea
that the profitability of the firm’s assets depends on investment decisions made in the past, whereas
the firm’s liquidity is subject to unexpected shocks and may suddenly change.

Firm’s Payoff. If the firm raises Payy = P (E (s(6,))) from AM investors, it survives as long
as the available funds are greater than its obligations, i.e., Papy+w > dp - (1 — Agr). In such a case,
the firm reinvests the remaining cash and obtains a payoff of R(P + w — dy - (1 — Agr)) at t = 2.
Additionally, the firm must also repay late ST creditors in period 2, each of whom has been promised
an amount dy. I assume that (d1,d) satisfy (a) d2 = Rdy,'* and (b) dy € [05,6,+ P (E{6,} /R)].
That is, ST creditors are promised a payment in period 2 at least equal to the return on the safe
asset and at most equal to the expected value of the firm’s assets. These assumptions imply that
if the firm does not default in period 1, it does not default in period 2 either.!* Thus, the firm’s
period 2 payoff is given by

"The assumption that 6, and w are independent does not mean that the firm’s liquidity and asset profitability
are uncorrelated. In fact, the amount of funds raised P correlates with its underlying quality; in the absence of
information frictions, firms with better assets are able to secure more liquid funds at short notice.

121 consider departures from this assumption in Section 5.1

13This assumption is made on the grounds arbitrage. If d2 < Rdy, then ST creditors find it dominant to withdraw
early. If in turn d2 > Rd,, then if ST creditors are subject to preference shocks as in Diamond and Dybvig (1983)
(which I do not model here), then there are arbitrage opportunities.

14Indeed7 the firm survives in period 1 if Pam +w > di (1 — Ast). This implies that in period 2 the firm has the
reinvested funds R (Pam + w — d1 (1 — Agt)) plus the fraction of the safe asset that becomes available at that point
R (1 — w). Together, the two sources of liquid funds are enough to cover the liabilities in period 2, d2 Ag.

10



U (’5, Paw, Asr, S) = {R(PAm+w—di(1—Agr))+60;(1—w)
—doAsT + 6y — 5(07)} - 1 {Pam +w > di (1 — Agt)}
= {R (PAM — dl) +605+6, —s (OT)} -1 {PAM +w>d(1- AST)} . (1)

ST Creditors’ Payoffs. ST creditors choose between running and pledging. It is without loss
to focus on the differential payoff between the two options. Let AuST(ﬁ, Pan, Astr) represent the
differential payoff between pledging and running. Then,

Augr (9, Pam, Ast) = g (57 PAMaAST> “1{Pay+w >di (1 — AgT)}

+b <1§, Pawu, AST) 1{Pam+w<di (1—Ag7)}

where ¢ <1§, Paw, AST> € @, g], b (5, Paw, AST) € [b, l_)] for all ('5, Paw, AST), with g and b
nondecreasing in (5, Pa, AST)> and g >0 > b.15

AM Investors’ Payoffs. [ assume that the claims promised to AM investors are subordinated
to those of ST creditors.'® Hence, AM investors’ claims are repaid only if the firm avoids default.!”
AM investors would therefore like to price the security to match its true value while accounting for
the fact that the firm may default. I capture this with standard quadratic preferences. That is, the
period 2 payoff of an arbitrary AM investor j € [0, 1] who offers a price p; is given by!®

; > 1 s (0 2
e (pp B Pancsr) == (= 20 Ptz aa) . @
Regulator’s Payoff. The regulator is concerned with economic efficiency and would like the

firm to survive only if the latter is solvent.

Definition 1. We say that the firm is ex ante solvent if, at ¢t = 0, the market value of its assets is

larger than the value of its liabilities. Formally,

P(E(0,)) + % > dy. (3)

When inequality (3) holds, then from an ex ante perspective, the value of the firm’s assets
exceeds that of its liabilities. However, because of the liquidity shock, the firm may be ex ante
solvent but still become illiquid in period 1.

Let 0% represent the expected cashflow threshold above which the firm becomes ex ante solvent.

Y5 For example, g (’5, PAM,AST) =dy—di=(R—1)d; and b ('5, PAM,AST) = —If‘f“Tf;“ > —d; .

161 explore departures from this assumption in Subsection 4.5.

"n the case of banking, e.g., this captures the idea that subordinated debt and equity (AM investors’ claims) are
junior to uninsured deposits (ST creditors’ claims).

8 Equations (1) and (2) assume that the proceeds obtained by selling security s are used first to repay ST creditors

withdrawing early. Any unused amount is distributed among the firm’s former shareholders.

11
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Figure 2: Timing.

That is, 8% is implicitly defined by P (9#) = d; — 1. I denote by R = 0 the event that the firm
defaults and by R = 1 the complementary event in which the firm survives. The regulator’s ex ante
payoff is measurable with respect to the firm’s fate R and expected profitability of the firm’s assets
and is given by

UME{6,},R) = Lo (E{6,}) (1 - R) + Wo (E{6,}) R.

where Lo (E{6,}) = 7, max {6# —E{6,},0} and W, (E{6,}) = rw max {E{6,} — 6%,0}, with
7, > 0 and Ty > 0. This specification captures the idea that, consistent with efficiency, the
regulator obtains a weakly positive payoff when an insolvent firm defaults and that this magnitude
decreases as the profitability of the firm’s assets increases. In turn, the regulator’s payoff is positive
and increasing in the value of the firm’s assets if the latter is solvent and avoids default.™
Regulatory Disclosures. The regulator has the technology and authority to implement reg-
ulatory disclosures that publicly disclose information about the firm’s balance sheet to all market
participants. The disclosure policy may represent stress testing exercises designed and conducted
by a central bank (e.g., CCAR and DFAST), a report required by a financial supervisor (e.g., call
reports filled by banks for the FDIC, or form 13F filled by institutional investment managers for
the SEC). Finally, it may represent an accounting standard designed by an accounting system (e.g.,
GAAP). The assumption of gradual resolution of uncertainty implies that the regulator can disclose
information about cashflows of the risky asset at ¢ = 0, but not about w which materializes in
period 1. I denote by I' the regulatory disclosure about the profitability of the firm’s risky asset
0,. A regulatory disclosure I' = {M,., w}, consists of an arbitrary set of possible announcements M,
(e.g., scores, report) and a disclosure rule 7 : X, — AM,, which maps the realization of 6, into
a (potentially stochastic) announcement m, € M,. I assume that the regulator cannot choose to
learn information about 6, and not share it with market participants.?? In Section 5, I explore the
possibility of further disclosing information about w in period 1 and how this interacts with I".

Timing. The sequence of events is as follows:

19 An alternative specification assumes that there exist large externalities from the firm’s default and therefore the
regulator maximizes the unrestricted probability of survival. A prior version of this manuscript, Inostroza (2019),
studies that case and obtains the same qualitative results.

29This assumption is consistent with the idea that any information produced by the regulator leaks; therefore,
if the regulator does not want the rest of the market participants to learn some specific information, she does not
produce it in the first place. A similar assumption is made by Faria-e Castro et al. (2016).
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Period 0. (a) The regulator designs the regulatory disclosure I" and publicly announces it; (b)
0, is drawn from F); (c) the regulator publicly discloses information m,; and (d) The firm sells
security s € S to AM investors at price Pay.

Period 1. (a) w is drawn from F,; (b) ST creditors observe Py and the information disclosed
by the regulator and decide whether to withdraw early; and (c) the firm liquidates a fraction of its
safe asset, and its fate is determined according to whether w + Pan > dy (1 — Agr).

Period 2. Conditional on the firm’s survival, (a) ST creditors that pledged funds are paid back;
(b) 6, is realized and s(6,) is paid to AM investors, and the firm’s shareholders obtain 8, — s(6,).

3 Equilibrium

3.1 Robust Approach

I assume that renegotiation between ST creditors and the firm is not feasible. Given the speed
of events and the dispersion of ST creditors, renegotiation is, in most cases, unviable.?! I follow a
conservative approach and assume that when multiple action profiles are consistent with equilibrium
play, ST creditors coordinate on the most aggressive outcome consistent with the rationality of both
audiences (from the firm’s perspective).

The adversarial approach implies that ST creditors run on the firm whenever running is the best

response to everyone else running; that is, each ST creditor runs when

E {AUST(J, Panr, Ast = 1)} <0. (4)

Define K > 0 as the minimum amount of funds needed to persuade ST creditors to pledge under

adversarial coordination. That is,

K= inf{P >0 E{AUST(ﬁ,P,1)} > 0}.

In other words, the firm can make it dominant for ST creditors to pledge funds by raising K units
of funds during the fund-raising stage. Let Agy (P) be the smallest measure of ST creditors willing
to pledge given a level of funds raised P. From the definition of K, under adversarial coordination,
we have that Agp(P) = Ag + (1 — Ap) 1{P > K}.

3.2 Fund-raising under Adverse Market Conditions

In period 1, the firm then enters the fund-raising stage by approaching AM investors and offering
security s. We note that any securities with the same expected cashflows receive the same price Pawm
from AM investors. Thus, henceforth, we refer to the price associated with any security inducing

expected cashflows equal to x = E (s (0,)) as P (x).

21Gee, e.g., Landier and Ueda (2009) for a similar assumption.
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For most of the paper, I assume that the distribution of the liquidity shock F,, is severe in that if
the firm does not raise additional funds, ST creditors find it optimal to run. Otherwise, the problem

is uninteresting.
Assumption 1. E {AuST(ﬁ, Pay=0,Agr = 1)} <0.

By the end of period 0, ST creditors perfectly observe the amount of funds raised and decide
whether to pledge. If the firm raises at least K, then no ST creditor runs, allowing the firm to
survive with certainty. On the other hand, if the amount raised is less than K, then all ST creditors
able to redeem early (i.e., a fraction 1 — Ag) run on the firm, in which case the survival of the latter
depends on the amount raised and on the realization of the liquidity shock w. Define the function
w(P)=d;-(1— Agr (P)) — P, which identifies the cutoff for the liquidity shock below which the
firm defaults when the capital raised is P. Note that, by definition, w (P) = 0 for any P > K.

The price that AM investors are willing to pay for any security with expected cashflows x =
E (s (6,)) is then given by??

P(e)=sup{p>0: ZP{w>a(p)} > p}. (5)

3.3 Equilibrium Concept

Let E {U (5, Paw, Asr, s) } be the firm’s expected utility when it sells security s, raises Payr from
AM investors and faces a mass Agr of pledging investors. Without the regulator’s intervention, the

firm’s payoff can be written as

E{U(ﬁ,PAM,AST,s)} — E{(R(P—dy)+0s+6,—5(8,) 1{w+P>d (1 Asr (P)}
= (PR—R(d—1)+E{6, —5(6;)}) P{w > di - (1 — AsT (P)) — K§)

I say that {s*, PXy;, A&} is an equilibrium of the fund-raising game if:

[Sequential Rationality|: st e argmax [E {U (5, Py, ASs 3) }
S

|Competitive Market]: Px\(s*) = P (E{s*})
[Adversarial Coordination|: A, (P)= Ao+ (1 —Ag)1{P > K}, VP >0

3.4 Strategic Complementarities and Convexity

Below, I introduce an assumption that guarantees the existence of strategic complementarities

between the investors’ actions.

Assumption 2. The prior distribution of w, F,,, is concave over (max {d; - (1 — Ap) — K,0},1).

22When inequality in (5) admits multiple solutions, P (x) corresponds to the largest solution. This selection can be
microfounded by assuming that AM investors are competitive and the firm makes a take-it-or-leave-it (TIOLI) offer
to them, (s, P(E {s})) The price is the maximal price accepted by rational investors concerned with default risk.
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Assumption 2 reflects the idea that the firm’s liquidity constraints are severe. Intuitively, when
F,, is concave, low realizations of w are more likely to occur, and hence stringent liquidity shocks
become more probable. Severe liquidity constraints exacerbate the strategic complementarities
between the two audiences. When assumption 2 holds, AM investors believe that it is plausible
that the firm faces a massive run. The interaction of the two audiences then generates a negative
feedback cycle as AM investors price in the firm’s probability of default. This process depresses the
price AM investors are willing to pay for s, which makes a run of ST creditors more likely. This
further increases the probability of default, which translates into an even lower price, and so forth.
Thus, when the firm is liquidity-constrained, the audiences’ behavior reinforce each other and may

amplify the probability of default.

Assumption 2 is a sufficient condition for financial constraints to induce and amplify the strategic
complementarities between the audiences. When this assumption holds, the firm becomes vulnerable
to the interaction of the two audiences, giving rise to an endogenous mechanism that makes the
probability of survival conver in the market perception about the profitability of the firm’s asset.

Define ¢ (x) as the probability that the firm survives conditional on selling a security with
expected cashflows z =E{s(0,)}. That is,

6(@) =P{w > (P@)} = 1- £, @ (P@))) )

let P = max{d; (1 — Ag) — 1,0} represent the wedge between the maximal amount of liabilities
that can be redeemed in period 1, d; (1 — Ap), and the maximal amount of liquid funds available at
that period assuming no liquidity shock, i.e., w = 1. Lemma 1 below shows that when assumption
2 holds, ¢ becomes convex over the critical region. Furthermore, P becomes the minimal amount

that can be raised from AM investors.

Proposition 1. Suppose that assumption 2 holds. Let x = E (s (0,)) represent the expected cashflows
of the security offered by the firm. The function ¢ then satisfies the following properties

(a) P(z) = ¢ (x) =0 for any x < PR/\.

(b) ¢(xz) =1 for any x > KR.

(c) Suppose F,, admits a continuously differentiable density f,, over [0,1). Then, ¢ is convex
over [PR/\, KR) .23

The convexity of ¢ follows from the interaction of the two audiences. Adverse financial condi-
tions, as captured by assumption 2, exacerbate the strategic complementarities between the different
types of investors. When the firm is subject to liquidity constraints, the incentives of each audience
to pledge funds increase when the other audience pledges more funds. Indeed, when the expected
cashflows of the security sold to AM investors E{s(6,)} increase, the probability that the firm

survives increases because the firm becomes resilient to more stringent liquidity shocks and hence

23The assumption that f,, is continuously differentiable over [0,1) simplifies the analysis. I can dispense with this
assumption and show that, under a mild condition on f,, the functional operator implicit in the definition of the
price satisfies the Blackwell conditions for a contraction. The convexity of P and ¢ is then naturally inherited from
the concavity of F,, (-).
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more resilient to a run by ST creditors. The larger probability of survival feeds back and increases
the expected value of the security to AM investors and hence the price they are willing to offer.
The higher price further increases the probability of survival, and so forth. As a result, in the
absence of additional forces, this amplification mechanism induces a convex probability of survival
as a function of the expected value of the firm’s security.

Conversely, when F,, is convex and therefore high levels of liquidity are more likely to occur, an
improvement in the perceived profitability of the risky asset increases the probability of survival,
P{w > @ (P)}, at a decreasing rate. If this effect is sufficiently strong, the amplification mechanism

described above may dissipate. I discuss the role of the prior F,, in detail in Section (4.5).

3.5 Firm’s Optimal Funding Strategy

Financial institutions optimally respond to regulation. In the current framework, the firm chooses
the security sold to the asset market and therefore has agency over its funding strategy. In this
subsection, we characterize the firm’s optimal funding strategy at any possible continuation game
after the regulatory disclosure I' has publicly revealed any public announcement m,..
For any P > 0, let
o (P)=P{w > di - (1 - Agr (P)) — P}

be the probability of survival as a function of the price P. In particular, this means that ¢ () =
¢ (P(z)). Let V (z;E{6,}) be the firm’s payoff from issuing a security with expected cashflows
x =E{s(6,)}, when the expected cashflows of the whole risky asset E {6, }. That is,

]

V(:E{6,}) = (

=

The firm’s problem reduces to issuing any security with a expected value

(x)R—R(dy— 1) +E{6,} —2)P{w >di- (1 - Agr (P (z))) — P (2)}.
(z)R—R(dy —1)+E{6,} —z) ¢ (P (x)) .

vl

z*(E{6,}) = argmax V (;E{6,})
z€[0,E{0,}]
Let h(r) = £ (1 —¢(x)) be the haircut associated with a security with expected cashflows
x = E{s(6,)}, that is, the difference between the safe value of the security and the equilibrium
price that accounts for default risk. Next, recall that % represents the threshold above which the
firm becomes (ex ante) solvent and is defined as the unique solution to the equation P (0#) =d;—1.
The next result shows that when the firm is subject to adverse financial constraints, it optimally
chooses to sell all the risky asset whenever the firm is ex-ante solvent, i.e., E{0,} € [0#, K R), and

on the contrary not to raise funds at all when the firm is insolvent, i.e., E{6,} < 6%.

Proposition 2. Suppose that
h(PR/X) > h(6%), (8)
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and that assumption (2) holds; then, the firm’s optimal choice z* (E{0,}) takes the form:

0 ifE{0,} < 6%
z* (E{6,}) = JE{6,} ifE{6,} € [6¥ KR)
KR ifE{6,} > KR.

The assumption that h (PR/\) > h (9#) in the proposition is a somewhat natural technical
condition that provides tractability.?* The assumption is closely related to the firm’s financial
constraints. Indeed, the inequality holds, e.g., when A\ is small, that is, when the probability that
the firm faces a liquidity shock (i.e., 1 — \) is large, or when Ay is small, meaning that the fraction
of ST creditors who may run on the firm (i.e., mass 1 — Ag) is large.?> The inequality guarantees
that a firm at the verge of insolvency (i.e., E{6,} = %), prefers to maximize the amount of funds
raised from AM investors by selling all of the risky asset rather than selling the fraction PR/A.

The proof of Proposition 2 shows that, when h (PR/\) > h (9#) and, in addition, assumption
(2) also holds, then for any E{6,} > PR/, the firm’s payoff V (-;E{6,}) is v-shaped (and hence
quasi-convex) over [PR/A\, KR] and attains a maximum at the corners of the interval. That is,
conditional on the firm raising strictly positive funds, it either sells the whole risky asset or a
security with expected cashflows = PR/A. A key step in the proof is the observation that the
firm’s payoff V' (x; E{0,}) has increasing differences in (z;E{6,}) (i.e., V is supermodular). This
property implies that, if for some value E {6, } € [PR/\, K R] the firm prefers to sell the risky asset
rather than issuing a security with value z < E {6, }, then any firm with expected cashflows larger
than E {6, } prefers to sell the risky asset rather than a security with value z. The assumption that
h(PR/A) > h(6%) guarantees that a firm on the verge of solvency (i.e., E{6,} = %) prefers to
maximize its probability of survival and sells all of the risky asset rather than the just a fraction
x = PR/X. Because of the supermodularity property, this implies that all solvent but illiquid
firms (i.e., those with E{6,} € [6#, KR)) then raise the maximal amount of funds to minimize the
probability of default.

4 Optimal Information Disclosure

The regulator can design mandatory disclosures that control the information that the firm passes
on to the market. In period 0, the regulator designs a regulatory disclosure I' = {M,, 7}, where M,

represents an arbitrary set of possible announcements (e.g., scores, report) and a disclosure policy

24When the condition is violated, the firm may be tempted to sell the smallest fraction of the asset that guarantees
a nontrivial price, z = PR/, if E{0,} is close to 6%. The qualitative properties of optimal regulatory disclosures
described below would not change, but the derivation of the optimal policy is substantially more intricate.

25 A sufficient condition for h (PR/\) > h (0#) is that

N h(—A)-1

>~ di—1 — )
=R (i—daiag) — 4o

which is satisfied for, e.g., when A or Ap is sufficiently small.
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m: X, — AM,, which maps the realization of 6, into a (potentially stochastic) announcement m,.
This formulation is general and encompasses all types of disclosures which are measurable with
respect to the firm’s assets.

I characterize below the optimal regulatory disclosure I'* accounting for the optimal responses
of both audiences and the firm’s funding strategy. We start from the observation that, any score
m, disclosed with positive probability induces a posterior expectation of 6,, E(0,|m, = m,).
Let GU be the distribution of posterior expectations induced by the policy T, i.e., the cdf of the
random variable E(0,|m,). Strassen’s theorem implies that, for any policy I', G' must be a mean-
preserving contraction of the prior F,.. Conversely, any mean-preserving contraction of the prior
can be obtained with some disclosure policy I'. Thus, the regulator’s problem of maximizing over
all possible disclosure policies is equivalent to the more tractable problem of optimizing over all
mean-preserving contractions of the prior (Dworczak and Martini (2019), Gentzkow and Kamenica
(2016)).26

4.1 The Regulator’s Problem

For each announcement m, = m,., let 0, =& (0,|m,.) represent the induced posterior expectation of
the risky asset’s cashflows. Proposition 2 implies that the firm optimally chooses to sell a fraction
x* (éT) of the risky asset and secures P (x* (9_7«)) funds from AM investors. The regulator’s payoft

then becomes?”

L{f(ﬁ_r) = E{UR(Q_M“%PKMa §T)}7
E{Lo (0-) 1{w <@ (P (2" (6:))) } + Wo (6:) 1 {w =& (P (" (6:))) } }
Lo (6:) (1= («* (6:))) + Wo (6-) & (2" (6))

Using the fact that Lg (ér) =0 for all 4, > 0#, Wo (G_T) =0 for all 6, < 6# and the characterization

in propositions 1 and 2, we thus have
Lo (6;) (1 —¢(0) iff, <6%

6,)6(6,), it e [0* KR)
) if 6, > KR.

Uf@f) =

Sl

26Let F and G be distribution functions with support in X C R. We say that G is a mean-preserving contraction
of F (alternatively, F =wps G), if [ o(x)F(dx) > [y ¢(x)G(dz), for any convex function ¢ in X.

2TThe regulator’s payoffs Lo and Wy from the firm’s default and survival depend on the ex ante value of the firm’s
assets 0, = E (0,|m,) (i.e., whether the firm is ex ante solvent) and not the amount of funds raised z* (). The
latter determines the fate of the firm.
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Transparency Opacity

Figure 3: Regulator’s payoff as a function of the induced posterior estimate 0,..

The regulator’s problem thus reduces to

max /OOO {Lo (ér) (1 — ¢ (g;* (;))) + W (*r) & (x* (ér))} G- (dér)

s.t: F. =mps G,

4.2 Transparency and Opacity

The next theorem shows that the optimal regulatory disclosure I'* is transparent for firms with
nonperforming risky assets, and opaque for firms with highly profitable risky assets. Formally, there
exists a cutoff 4, such that, any firm with a risky asset for which 0T<ér, the regulator fully discloses
the realization 6,.. In contrast, all cashflow realizations 6, > 0, are pooled together under the same
announcement, thereby minimizing the information passed on to the market. The cutoff 0, is chosen
such that the posterior expectation induced by learning that 6, > éT, satisfies E {07« |6, > ér} = KR.

Thus, 0, corresponds to the lowest cutoff that allows the firm to raise sufficient capital to persuade

ST creditors to keep pledging funds to firm.

Theorem 1. Suppose that assumption 2 holds and that inequality (8) is satisfied. Then, the optimal
policy I'* is fully transparent for any 0, < 9}, and fully opaque 6, > éT, where 0, is implicitly defined
by E {0T|0,, > ér} ~ KR.

The optimal disclosure policy I'* pools all profitability levels above 6, so that the induced
posterior expectation, E {0r|0r > ér} = KR and, hence, ST creditors are dissuaded from running.
Using a more transparent disclosure policy for high values of 6, destroys risk-sharing opportunities
among financial institutions with heterogeneous assets. In fact, under the opaque announcement,
all firms whose risky assets’ profitability is above 6, are spared an inefficient run by ST creditors.

Enjoying risk-sharing opportunities by means of more opaque policies is usually referred to as the
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Hirshleifer effect (see Hirshleifer (1971)) and has already been discussed in the context of regulatory
disclosures (e.g., Goldstein and Leitner (2018)).

When 6, falls below éh the optimal policy becomes fully transparent. This result is novel.
The intuition is that, as explained in Subsection 3.4, there exists an endogenous amplification
effect associated with increasing the market perception about the profitability of the firm’s risky
asset that originates from the strategic complementarities between the two audiences. Indeed, the
interaction of both audiences generates a virtuous cycle that convexifies the probability of survival
¢ (-) as a function of the profitability of the asset. When the profitability of the asset is low
and ¢ () is (locally) convex, the regulator prefers to separate different profitability levels 8, under
different signals similar to a risk-loving agent who prefers to separate different states under different
realizations rather than pooling them together. In other words, when ¢ is convex, a policy that
induces dispersion of posterior beliefs dominates those inducing a contraction of posteriors. As
a result, and perhaps surprisingly, the optimal policy to maximize the probability of survival of

solvent institutions is transparent for financial institutions poor fundamentals.

4.3 Monotone Comparative Statics

Theorem 1 shows that the optimal policy is fully characterized by the threshold 0, below which the
regulator perfectly discloses the risky asset’s profitability. I show next that as the firm’s financial
condition deteriorates, the optimal policy becomes more informative. By virtue of Theorem 1, the
informativeness of the optimal policy is formally captured by the magnitude of 6,. That is, as the
cutoff of the optimal policy 6, increases, the regulatory disclosure becomes more informative.?®

Recall that 6, is implicitly defined as the unique solution to the equation E {0,«|9r > ér} =
KR. This definition implies that ér is determined by, among other things, F,, F,, d; (1 — Ap).
Indeed, the threshold K above which ST creditors are dissuaded from running depends on the
underlying distribution of liquid funds F,, and the size of liabilities, which may dry up on short notice
dy (1 — Ag). The expectation of 6, in turn is fully determined by F,.. Let 0, (Fy, Fl,,di (1 = Ayp))
be the threshold characterizing the regulator’s optimal disclosure policy. Our next result provides
monotone comparative statics of the optimal policy’s informativeness, captured by variations in the

threshold 6, (Ey, Fl,,dy (1 — Ap)).
Lemma 1. Suppose that assumptions 8 and 2 hold, and that inequality (8) is satisfied. Then,
(a) If Fw = MLRP Fw; then ér <FW7 F?“7 dy (1 - AO)) < ér (Fw) Frv dl (]— - AO));
(b) If Fr =mrrp Fr, then ér (FU.M F’/‘ydl (1 - AO)) < ér (Fwa F,dy (1 - AO))7
(c) If di(1 — Ag) > di(1 — Ay), then 6, (Fw,FT,Jl(l - [10)) > 6, (Fy, Fy,dy (1 — Ag)).
Lemma 1 1 implies that as the firm’s financial condition deteriorates, either because of a depletion

of its liquidity buffers, a deterioration of the performance of its assets, or an increase in the maturity

mismatch between assets and liabilities, the regulator optimally responds by implementing more

28The distribution of posterior estimates induced by the optimal policy, GT*, becomes larger under the MPS order.
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transparent regulatory disclosures. We show in the next Subsection that these predictions resonate

with empirical findings.

4.4 Empirical and Theoretical Predictions

Empirical. The theory in this paper predicts that when financial institutions face strong finan-
cial constraints (e.g., a bank rolling over a large amount of short-term debt, an investment fund
facing frequent redemptions), it should be subject to regulatory disclosures displaying a negative
relationship between the degree of transparency and the firm’s financial condition. The empirical
evidence on regulatory disclosure identifies regularities consistent with these predictions. In the
context of stress tests in the banking sector, the literature has found evidence that institutions
with weaker fundamentals (e.g., riskier assets, more leverage, larger quantities of nonperforming
loans), are subject to more transparency than institutions with stronger fundamentals (Morgan
et al. (2014), Flannery et al. (2017), and Ahnert et al. (2018)). In the context of Call Reports,
Chen et al. (2022) find that for US-based banks, disclosures are more informative for banks with
worse performing assets. In the context of investment funds, Agarwal et al. (2013) find that hedge
funds that request confidential treatment of their holdings in their Form 13F (i.e., those that delay
disclosing their holdings 45 or more days), exhibit significantly higher performance.

The underlying assumption for the regulatory disclosures described in the paper is the existence
of commitment power so that after the regulator designs the disclosure policy, no agent can ma-
nipulate the information disclosed after the fundamentals have realized. This might be a strong
assumption for some applications of interest wherein the firm has large degrees of freedom in the
information it passes on to the market. The predictions of the model will most likely not fit the
empirical patterns in that case.

A firm can nevertheless commit to disclose information by adhering to an accounting standard
to report its financial information. The standard specifies how transactions and other events are to
be recognized, measured, presented, and disclosed in financial statements to the rest of the market
participants. Interestingly, the asymmetric treatment of the optimal policy between bad and good
news is broadly consistent with the conservatism principle usually recommended by accounting
standard-setters. Indeed, according to the dictum, financial institutions should record losses as soon
as they learn about them, whereas potential gains are to be recognized only after they materialize.
A financial institution adhering to this principle is prone to disclose more granular information when
its assets perform poorly and to disclose coarser information otherwise.

Theory. As argued above, the combination of market participants’ strategic complementari-
ties and financial constraints induces an amplification mechanism that increases regulators’ prefer-
ences for transparency. Consistent with these predictions, Dai et al. (2021a) find that a regulator
concerned with financial stability prefers a transparent policy for systemic risk exposures, where
arguably strategic complementarities are strong, and an opaque policy for financial institutions’
idiosyncratic exposures, where the strategic complementarities disappear. Similarly, Huang (2020)

shows that when disclosing information about institutions in a financial network, the optimal policy
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becomes more opaque as the aggregate level of the fundamentals improves, which is consistent with

the idea that financial constraints relax.

4.5 Discussion: Strategic complementarities and Financial Constraints

In this subsection, I discuss the role of strategic complementarities and financial constraints in
inducing the amplification mechanism and the consequent convexity of the regulator’s payoff in
the firm’s perceived fundamentals. I argue that financial constraints are sufficient to generate
the amplification mechanism but not necessary. I then argue that strategic complementarities are

necessary for the key the economic mechanism in the paper.

4.5.1 Financial Constraints are sufficient but not necessary

First, consider the slightly more general version of the model where AM investors price the asset
according to
Pam = E{s(6:)} ni (Pam, Ast) P{w + Pan + AsT > di},

where the function 7; (Pan, AsT) is increasing and convex. That is, each AM investor’s valuation for
the security depend on the financial support of both audiences, ST creditors and AM investors, be-
yond their effect through the firm’s liquidity constraint. This parameterization can capture network
externalities, productivity spillovers, scalability of the firm’s projects, etc.

Further, assume that F,, is uniform over [0, 1], the limiting case where F, is both weakly concave
and convex. Similar arguments to the one establishing property (c) in Proposition 1 (and, more

generally, Proposition 6 in Section 6) imply that as long as

© (Pam, Ast) = 1 (Pam, Ast) P{w + Pam + Ast > di }

is increasing and (weakly) convex, the equilibrium price P}, (z) is strictly increasing and strictly

convex in z = E {s (6,)}, and therefore so is
¢ (z) = P{w+ Py (z) + Agt (z) > dy } .

This implies that the main results extend to the case where for cases where F/ (w) is sufficiently
small (i.e., F, is not "too convex"). The role of the concavity of F,, consists in guaranteeing that
each AM investor’s incentives to pay a larger price do not decrease when either ST creditors or the
rest of AM investors pledge more funds to the firm. In this sense, assumption 2 ensures that the
strategic complementarities are sufficiently strong.

Furthermore, the amplification mechanism manifests even in the case where dy = 0. This is the
case where financial constraints are no longer relevant and the firm is perfectly liquid, regardless the
distribution of F,,. Indeed, in that case

Pavi =E{s(6,)} - ni (Pam, AsT) »
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and the convexity of Py, (z) still prevails, inducing the regulator’s preference for transparent dis-
closures.

This discussion suggests that stringent financial constraints, as implied by assumption 2, are
sufficient to induce the amplification mechanism but are not necessary. The key economic property

driving the result is the manifestation of strategic complementarities in the audiences’ preferences.

4.5.2 Strategic Complementarities are necessary

Now, consider the case where strategic complementarities do not emerge. I slightly modify the
model and assume that AM investors are protected against the firm’s default, i.e., the firm ring-
fences the risky asset (e.g., the firm securitizes the risky asset and sell it to AM investors). In this

environment, AM investors price the asset according to
Pxy =EA{6,} /R.

Suppose further that the regulator has a simple payoff structure and would like to maximize the

firm’s probability of survival. That is,
UREL6,}) = P{Pav+w>di(1- Ast)}.

Assume that F, is uniform over [0,1]. ST creditors’ optimal action consists of running whenever

E{6,} < K. Thus, the regulator’s ex-ante payoff, when E {60, } < K, is given by

UP(E{6,}) = P{E{6,}/R+w>di(l— Ao}
= (E{6,} /R+1—di (1 - Ag)),

which is affine in E{6,}. In contrast, when E{6,} > K, ST creditors are dissuaded from running
and UY(E{6,}) = 1.

The regulator’s optimal policy consists of a binary rule which announces whether 6, > 6, or
0, < HAT, where 0, = 0, (E,, F,) is implicitly defined as the unique solution to E {0T|9T > HAT} > K.
The regulator’s optimal policy consists in pooling as many high states as possible as long as the
posterior estimate induced by the knowledge that 6, belongs to this set is weakly higher than K (the
Hirshleifer effect). In terms of informativeness, the optimal policy is opaque and has a monotone
pass/fail structure. When the prior distributions are sufficiently favorable so that, in the absence of
any announcement, E{6,} > K, then the optimal policy is complete opacity and does not disclose
any information to the investors.

Strategic complementarities provide an strict preference for transparency for low realizations
of 6,.. Indeed, observe that starting from this model, one can add strategic complementarities

by removing the ring-fencing assumption, thereby letting AM investors’ payoff depend on the ST
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creditors’ behavior. In that case,

E {0,
PAM = {}%}P{PAMJFWZdl(le)}

Thus, we obtain
P (B(6,)) = =0 h L o)

which is strictly convex in E{6,} over the critical region (0, KR). Thus, the regulator’s ex-ante
payoff, for E{0,} < K, is given by

UP(E{6,}) = Piy(E{6,})+1—di(1—Ap),

also strictly convex in E {6} over the critical region. In turn, when E{0,} > K, UF(E{6,}) = 1.
The optimal policy in this case is full transparency for any 8, < 9r, and opacity for all 8, > 0,.
Furthermore, the binary policy described above for the case with ring-fencing is strictly suboptimal.
Thus, the regulator strictly benefits from transparency when strategic complementarities are present,

but does not otherwise.

5 Robust Information Disclosures

5.1 Private Information

A typical argument against increasing the transparency of financial markets is the idea that trans-
parency may exacerbate agency conflicts. A firm that faces high disclosure requirements, the ar-
gument goes, might strategically find ways to act in a self-serving manner (Landier and Thesmar
(2011), Leitner and Williams (2021)). I show that the optimal disclosure policy is generally robust
to the firm’s superior private information. In the current model, an informed firm may attempt to
signal its private information by strategically choosing its funding strategy, that is, the security it
offers to AM investors. In many applications of interest, the firm’s private information may be an
important concern when designing regulatory disclosures. In the case of banking, e.g., the regulator
and market participants alike pay close attention to the bank’s superior information with respect to
its opaque balance sheets (e.g., the amount of nonperforming loans). The bank’s actions are then
usually scrutinized and used as signals of the firm’s residual private information.

There is a vast theoretical literature arguing that the type of securities chosen by the issuer may
signal her private information. I extend Nachman and Noe (1994)’s security design problem to the
current environment characterized by an endogenous probability of default and show that, under the
optimal policy described in the former section, the equilibrium outcome during the fund-raising stage
features pooling among all firm types. That is, the optimal policy is robust to signaling incentives.
This result is consistent with the findings of Quigley and Walther (2020) who show that when
regulators account for financial institutions’ voluntary disclosures, they optimally design policies

that foster “private silence.” In the current environment, firms’ cannot make announcements to the
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market but still can provide useful information by signaling with their security choice. The result
below shows that, under the optimal policy, firms do not signal their residual private information.

To incorporate the possibility of superior private information, I assume that, at the beginning of
period 0, before the regulator discloses information about the risky asset, the firm learns a private
signal about 6,, € € = = {{1,&n}, with & < &y, and updates beliefs about the realization of 6,
according to the conditional cdf F,. (6,]£) (resp., pdf ff (0,-1£)), £ € E. Trefer to £ as the firm’s type.
Neither the investors nor the regulator observes the firm’s signal. I assume that the conditional
pdf frg (0,]€) satisfies log-supermodularity in (6,,&) (or, equivalently, that cashflows are ordered
according to MLRP).

After observing its private signal, the firm sells a security s to AM investors, which corresponds
to a claim on the risky asset’s future cashflow. Formally, any security s belongs to S = {s :
X, — Ry s.t: (LL),(M),(MR)} where (LL) 0 < s(0,) < 6,, V0, € X,; (M) s is nondecreasing and
(MR) 6, — s (0,) is nondecreasing.?? The security s may represent an equity stake, a debt contract,
or any arbitrary security.

The firm may try to signal its superior private information about its risky asset, through its se-
curity choice.? The signaling incentives, in turn, may compromise the regulator’s desired outcome.
Indeed, for any possible disclosure m,., the fact that type £y has a better risky asset than type
&1 (a consequence of MLRP), implies that the former is relatively more willing to risk defaulting
to signal its quality. In the next proposition, I show that when the interaction of both audiences
substantially increases default risk, then despite the firm’s private information, the regulator is able

to implement the same outcome as in the absence of private information.
Proposition 3. Suppose that

B¢ (6,16, > 0,)
y
plTIIré R

¢ (p) < K, (10)

then, the requlator’s optimal policy coincides with I'*. Furthermore, for each possible realization of

m,, the firm’s optimal strategy coincides with x* (-).

To understand inequality (10), first note that by definition, E{6,]0, > 6,} = KR. The fact
that & is good news (Milgrom (1981)) then means that E$#{6,|6, > 6,} > KR. The assumption
that inequality (10) holds, then implies that the probability of default is sufficiently important even
when the firm has optimistic residual private information. The assumption captures the idea that,
despite the firm’s superior private information, the financial constraints are severe and all firm types

are vulnerable to the interaction of the two audiences. When (10) holds, any firm type which raises

2%The first constraint represents limited liability and states that a security is a sharing rule. The monotonicity
condition requires that the security be nondecreasing in the asset’s cashflows since the firm would otherwise have the
option of requesting risk-free credit to boost its cashflows and decrease the amount owed to AM investors. The last
constraint imposes that the share of cashflows retained by the firm is nondecreasing; otherwise, the firm would have
incentives to burn part of them.

39There is vast theoretical literature arguing that the type of securities chosen by an issuer may signal her private
information. See, for example, Leland and Pyle (1977) , Myers and Majluf (1984), Nachman and Noe (1994).
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less than K — the amount needed to persuade ST creditors to keep pledging — experiences a discrete
penalty (a haircut) when selling its asset to AM investors. This assumption means that even if the
firm type was commonly known to be £y, it would still have an incentive to raise enough funds to
dissuade ST creditors from running.3!

Proposition 3 establishes that, when default risk is sufficiently important, the firm refrains
from signaling its private information. Consequently, the regulator can implement her optimal
policy despite the underlying information frictions. The economic mechanism driving the result is
reminiscent of the famous result in Nachman and Noe (1994), extended to the current environment
with an endogenous probability of default. The fact that firm suffers a discrete penalty when not
raising enough funds to dissuade ST creditors from running, serves as discipline device and leads
all firm types to pool under the same (debt) security, thereby curbing their signaling incentives
and implementing the regulator’s most preferred outcome. The fact that adding residual private
information information on the firm’s end induces more constraints for the regulator, then implies
that if the optimal solution in the less constrained enviornment (i.e., without the firm’s private
information), remains feasible under the new environment, then it must also be optimal under the

additional constraints.

5.2 Disclosures about Firms’ Liquidity

Thus far, we have restricted attention to the case where the only tools at the regulator’s disposal
are her ability to design and enforce regulatory disclosures with respect to the financial institution’s
assets. In practice, policy makers typically react when liquidity squeezes trigger financial distress
at solvent but potentially illiquid large financial institutions. In this section, I explore the case
in which the regulator can react to the liquidity shock by disclosing information about w to ST
creditors before they make their rollover decision. This emergency response is inspired by the stress
tests conducted both in the US (SCAP) and in Europe in the middle of the global financial crisis
and more recently during the Covid crisis.

I assume that, in period 1, the regulator has the technology to conduct a liquidity disclosure
Iy, [P] = {M,, m, [P]}, which discloses information about the firm’s liquidity according to the rule
7w [P] : @ — AM,,. The disclosure accounts for the amount of funds raised during the fund-raising
stage, P. Importantly, the liquidity disclosure is sequentially rational and maximizes the regulator’s
period 2 payoff. This assumption captures the idea that the firm is too big or too interconnected to
fail, and as a result, if the liquidity shock occurs, the regulator maximizes the probability that the
firm survives, regardless of any promises made at t = 0.

I modify the period 1 sequence of events as follows: (a) the regulator observes Pjs and designs

I, and publicly announces it; (b) w is drawn from F,; (c) the regulator discloses information

31Under inequality (10), there exist two equilibrium prices which are consistent with the rationality of the investors.
One in which the AM investors pledge strictly less than K, and another one wherein they pledge the safe value of the

expected cashflows, E¢H {0,«|0r > ér} /R. The assumption guarantees that even if the investors learned the firm has

optimistic information about the asset, their incentives to pledge funds still comove with the rest of the investors’
behavior, and therefore strategic complementarities manifest.
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m,, according to I'y; (d) ST creditors observe Pay and my, and decide whether to run; and (e)
the firm liquidates a fraction of its safe asset, and its fate is determined according to whether
w + Panv > dp (1 — Agry).

The optimal liquidity disclosure in this environment can be interpreted as a pass-fail test, where
given the level of funds raised Payg, the regulator assigns a passing grade when the firm’s liquidity

is above the cutoff @ST(Pyyr). Proposition 4 summarizes these findings.

Proposition 4. Fiz the amount of capital P > 0. Then, the liquidity disclosure, '}, [P], consists of a
monotone pass-fail test with cutoff @57 (P), such that T (P) = ({G, B}, 7 [P]), with 7% {G|w; P} =
1{w > &%T(P)}. The cutoff @57 (-) is nonincreasing in P.

The proof is in the Online Appendix. When the regulator announces that the firm’s liquid funds
exceed @ST (P), all ST creditors rollover and survival occurs with certainty. By contrast, when the
firm fails, all ST creditors withdraw early and the firm defaults. Indeed, @5T (P) < d; (1 — Ag) — P;
therefore, announcing that w < @5T (P) induces firm failure with certainty.

In contrast to our findings in the previous section, the optimal disclosure policy about the firm’s
liquidity is thus coarse and minimizes the information passed on to the market. The regulator’s
announcement arrives after AM investors have made their investment decisions. At that point,
the regulator maximizes the probability of survival by pooling as many states w as possible while

guaranteeing that it remains dominant for each ST creditor to pledge.

5.2.1 Self-defeating disclosures

A key feature of liquidity shocks is that they are, by definition, unexpected. We show that the
promise of disclosing information about the firm’s liquidity condition can be self-defeating and
backfire. Indeed, if AM investors expect that the regulator will provide information about the firm’s
liquidity when a shock materializes, their assessment about ST creditors’ response becomes more
optimistic. This, in turn, exacerbates the firm’s incentive to signal its private information during the
fund-raising stage and to raise less funds than socially optimal. Without the regulator’s disclosure,
in turn, the threat of a run of ST creditors imposes discipline on the firm because it compels it
to raise precautionary funds to prevent default, thereby dissipating the signaling incentive. The
knowledge that the regulator can help in the case of an adversarial shock makes it easier for type g
to separate from type &7, since default risk decreases. Signaling, however, increases the probability
of default and destroys the benefits of disclosing information. The next proposition shows that,
perhaps surprisingly, under some conditions, the regulator with the technology to conduct a liquidity

disclosure may fare worse than a regulator who does not intervene at all.

Condition 1. The distribution of liquidity shocks F,, and ST creditors’ payoff functions g and b
satisfy
(A) (3e >0), A(P) = KP{w > & (P)} — P > 0 is strictly positive for all P € [K — ¢, K).3?

32This property is equivalent to requiring that

(b(w’Kv AU) _g(w7K7 AO)) Ju (W7K7 AO)K < b(07 K, AO) :

lim
w—rdy (1—Ag)—K
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(B) Jim 1—F,(di (1~ Ag)~P) < ¢ = SulysplfllWsb) where sp = min {y, D} with
E (sp) = KR.

Proposition 5. Assume that condition 1 holds; then, under the optimal liquidity disclosure T,
default occurs with positive probability across all equilibria. In contrast, under the laissez-faire

policy, the probability of default reduces to 0.

As proved in Proposition 7 in the Appendix, at any equilibrium of the fund-raising stage, firms
raise at most K when pooling. Furthermore, both firm types raise strictly less than K at any
separating equilibrium. Assumption (A) in condition 1 implies that, under the optimal liquidity
disclosure, I'), both firm types find it optimal to deviate from the pooling outcome where both raise
K. Intuitively, under this assumption, a firm that raises slightly less than K faces a probability
of default barely above 0. Such a deviation from the pooling equilibrium is always interpreted
as coming from type &g who has a better asset and therefore is relatively more willing to risk
defaulting to signal its quality. Thus, small deviations are interpreted as coming from type &y and
priced accordingly. Both types then have the incentive to deviate from the situation where both
raise K and raise strictly less funds, thus inducing ST creditors to run.

Assumption (B), on the other hand, implies that in the absence of liquidity disclosure, the
probability of default is sufficiently large when the firm does not meet the cutoff K. This effect
imposes discipline on the firm because it compels both types to raise sufficient funds to dissuade
ST creditors from running. Under assumption (B), both firm types thus pool over the same debt
contract sp = min{y, D}, with E (sp) = KR; as a result, they avoid default with certainty.

Surprisingly, under modest assumptions, the market may fare worse when the regulator who

tries to maximize the probability of the firm’s survival is equipped with a better technology.

6 General Model

We now generalize the results in the baseline model to a fairly large class of economies. Consider
an economy composed of N > 2 audiences. These audiences may represent a financial institution’s
different types of investors (similar to the baseline model), a group of financial institutions (e.g.,
VC funds, private equity firms, mutual funds) financing one or multiple private companies, a group
of institutional investors with a stake in one or more public firms, etc.

Each audience consists of a mass 1 of atomistic investors. The fundamentals of the economy are
captured by the random vector 3 = (04,...,0N,w) € Hi]ilXi x €, where X; = [z;,%;],Q2 C R
Each 6; € X; captures a dimension of the economy’s fundamentals of direct interest to audience
1. For example, when the audiences represent multiple investors interested in purchasing different
types of assets from a given firm, 0; represents the returns associated with asset . Alternatively,
the audiences may represent multiple investment funds investing in a certain industry. In that

case, each audience is interested in investing funds in a project or company whose fundamentals are
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parameterized by 6;. From now on, I refer to 8; as the fundamentals’ dimension i. Variable w, in
turn, captures the level of fragility of a reference entity and parameterizes the linkages between the
audiences. We discuss its interpretation in detail below.

Information. Assume that all investors share the same prior beliefs about the economy’s
fundamentals, F' € A (HﬁlXi). For simplicity, I assume that, for any ¢ # j € {1,..., N}, 6,0,
and 6; Lw. I refer to the marginal distribution of dimension ¢ as F; € A©; and use F,, € AQ) to
denote the marginal distribution of w.

Actions. Each investor [ € [0,1] in each audience i must choose an action a} € X; = [z;,7;]. For
each i € {1,..., N}, we let 4; = fol aldl denote the aggregate support from audience i € {1, ..., N}.
We also let A_; = > ki A; denote the aggregate support from the rest of audiences j # 7.

6.1 Strategic Complementarities

Preferences. The regulator is interested in maximizing the aggregate support of all the audiences.

Her payoff is determined by a weighted average of the audiences’ support. That is, she maximizes
N
UR(A) = Zﬁ/iAi,
i=1

with v; > 0 for all 2. The underlying assumption is that the projects or assets that the audiences
invest in are welfare-improving and it is efficient to maximize their support.

In the case of the investors, on the other hand, I assume that each investor [ in audience 7 cares
about: (a) the fundamentals’ i-th dimension, 6;, (b) the aggregate support of all the audiences,
(4;,A_;), and (c) the fragility of the reference entity, w. Specifically, I assume that the preferences
of audience i investors are captured by33

w; <a§,{9¢,w,Ai,A,i> =— (ag G L{wt+ A+ A > d})Q.

1
2
Define

Ui (ai, Aiy A—;) = E{u; (a;,0;,w, Ajy Ay} .
The current specification implies that investors’ marginal incentives to increase their action are

captured by

aain (ai,Ai,A_i) :E{Gz} -]P’{w—l—Ai—l-A_i > d} — a;. (11)

That is, taking the behavior of all the audiences (4;, A_;) as given, each investor in audience 4

33The results below extend more generally to preferences of the form
1 2
U= (aﬁ—m (AiyAfi)l{w‘f'Ai“!‘AfiZdi}_l‘fz) )

for which the best responses take the form E{0;} n; (A;, A_;) (1 — F,, (di — A; — A_;)) — Ky, as long as the functions
n; (Ai, A—;) are weakly positive, nondecreasing and weakly convex.
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would like to match

=p(Ai,A_y)

i.e., the expected value of the fundamentals’ dimension in which they are interested, E {6;}, scaled
by the factor ¢; (A;, A_;). This specification captures the idea that investors in audience i enjoy
the fundamentals’ dimension i, 8;, as long as the level of support of all audiences is large enough
as a function of fragility parameter w. The random variable w thus captures the minimal amount
of support from the audiences required to enjoy the future returns of the projects or assets. In the
case where the audiences are investors from the same financial institution, w may represent the
financial institution’s liquidity (as in the baseline model). In turn, when the audiences are investors
from different, interconnected firms, w may represent the liquidity of the most vulnerable firm in
the network, or the critical mass of investment required for the industry to take off.

Note that the function ¢ (4;, A_;) directly depends on the behavior of all the audiences and the
distribution of w. The probability ¢ (A;, A_;) increases with the mass of investors in all audiences
pledging support. This means that the audiences are exposed to the strategic behavior of the
other audiences through the fragility of the reference entity (e.g., liquidity constraints). Indeed,
each investor’s marginal incentive to increase their action, as captured by equation 11, increases
with E{6;}, A;, and A_;. In other words, investors’ payoffs are supermodular with respect to (a)
(a;,E{0;}) and (b) (a;, A;), and (c) (a;, A—;). These properties are standard assumptions in games
with strategic complementarities.?* Property (a) implies that improving the perception of E {6;}
increases the amount of support from investors in audience i. Properties (b) and (c), on the other
hand, capture the idea that the investors’ preferences display strategic complementarities among
investors from the same audience but also among investors from different audiences.

Intuitively, @; parameterizes the maximal profitability that the fundamentals’ dimension ¢ can
potentially reach. Under the interpretation that each audience’s support represents the amount of
funds invested in assets with return 8;, the specification captures the idea that the returns of asset
1 increase when audience i pledges more funds, but also increases when the other audiences pledge
more funds to their respective projects.

When assumption (2) holds, implying a large degree of fragility, the marginal incentive to increase
the level of support a;, increases more when the audiences are providing a larger level of support,
(A;, A_;). To see this, note that the degree of strategic complementarities for investors in audience

1, captured by

82U¢ (ai,Ai,A,i) _ 630
8A,i8a¢ = B {01} OA,i (A“ Ail) ’

is larger for larger values of (A;, A_;).

34They correspond, e.g., to assumptions Al and A2 in Morris and Shin (2006), the canonical model of global games.
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6.2 Financial Constraints and Strategic Complementarities

I formalize the idea that financial constraints exacerbate strategic complementarities. To see this,

consider two (marginal) distributions F!, F2 € AQ satisfying

o (2) f2 (x)
1—Fl () = 1= F2 (2)

w

, Vo € Q.

That is, F2 dominates F} in the hazard rate (HR) order, which we write as F2 =yr F}. Intuitively,
under F! liquidity constraints are more stringent than under F2. Indeed, it is well-known that the
HR order implies first order stochastic dominance (FOSD), which means that under F} the level of
liquidity is stochastically worse than under F2.35 For example, it is easy to see that any distribution

F, € AQ satisfying assumption 2 is dominated by the uniform distribution FU™Pr™ ¢ AQ. Indeed,

ﬂ B sup Q ]Ew (z) sup §2 B 1— F‘})Jniform (33)
fw (f) a /x fw (l‘) dz < /a: dz = fUniform (.Z')

w
Our next result shows that, when liquidity constraints are more stringent, each investor’s
marginal incentive to increase their own support increases proportionally more, and hence it is

amplified, when other audiences increase their support.

Lemma 2. [FINANCIAL CONSTRAINTS AND COMPLEMENTARITIES| Consider F1 F2 € AQ with
Fg > HR Fﬁi; then, fizing (A;, A_;), the marginal incentives to increase the level of support increases
proportionally more under F? than under F.. Formally, for any (A;, A_;), let a; (Aj, A_i; F,) =
E{6;}- (1 — F, (d; — A; — A_;)) be the best response of audience i’s investor to (A;, A_;). Then,

BQUi (&“AZ,A_“FO%) ~ 9 821]Z (dz,Az,A_z,Fal)) A X
814_2‘6(11' /ai (Ai’A*i’ Fw) 2 814_7;(961@' a; (Ala A*i7 Fw) .

6.3 Adversarial Equilibrium

Each investor conjectures that the aggregate support of the audiences is given by some profile
(A;, A_;) and solves

max E 1 (al-—e--l{w+A~+A ->d}>2
a; €X; 2 v ¢ ¢ = '

The fact that all investors share the same prior beliefs about the fundamentals 3, implies that the
equilibrium aggregate support (A;, A_;) is measurable with respect to the prior F' (and not with
respect to the realization 3) The fact that each investor is atomistic, then means that all investors

in audience ¢ choose the same action a} (F') given by
P (F) = E{6;- 1{w+ A} (F)+ A%, (F) > d} }

= E{0;} ¢ (4] (F), A", (F)),

35Further, the MLRP order implies the HR order. The MLRP order was used to perform comparative statics in
Section 4 (see lemma 1).
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where, for any i € {1,..., N}, A7 (F) = fol a’ (F)dl = af (F). This further means that, in equilib-
rium, investors’ actions depend on the prior F only through the vector of prior expectations E {9_}

and are given by
af (E{0}) = E{0:} - (a} (E{0}), a™;(E{6})), Vi € {1,..., N} (12)

where a* ;(E{0}) = D it a;(E{é})

The system in (12) may admit multiple solutions. Consistent with the idea of conservative
regulatory disclosures, whenever there is multiplicity of equilibria, we focus on the most adversarial
equilibrium, i.e., the smallest action profile (a;, a*_i) satisfying 12. Intuitively, this solution concept
captures the idea that the regulator does not trust her ability to coordinate the market on her most
preferred outcome when multiple action profiles are consistent with equilibrium play. The regulator

is thus conservative and assumes that the audiences will coordinate on the worst equilibrium profile.

6.4 Convexity

I show next that, under adverse market conditions as captured by assumption (2), the strategic
complementarities between the audiences lead to optimal actions that are first convex in the expected
fundamentals of the economy and then comove in a linear manner with the fundamentals. To
facilitate the exposition, I focus below on the case where N = 2. I extend the results to the case

with arbitrary number of audiences in the Online Appendix.

Assumption 3. Suppose that, for all i, z; > max{d,1/f, (0)} and that z; (1 — F,, (d; — A))—A >0
for all A < ;.

Our next result shows that, in equilibrium, investors’ best responses are convex-then-linear in

the fundamentals dimension of their interest.

Proposition 6. [CONVEX-THEN-LINEAR|Suppose assumptions 2 and 3 hold. Then, for any 9},
there exists éz## (éj) < Z;, such that (a) for any 6; < éfé# (G_j), a; (-,G_j) and aj (-,éj) are both
strictly increasing and strictly convex in 0;, whereas (b) for any 0; > éf# (éj), a; (éi, éj) = 0; and

a; (éz,gj) = gj.

Proposition 6 shows that the main qualitative features of the baseline model wherein the firm’s
probability of survival is convex for lower fundamentals and then linear for good fundamentals are
a general insight that does not hinge on the specific institutional details assumed there. Roughly,
the assumption that the audiences are fragile and vulnerable to the behavior of the rest of the au-
diences for low fundamentals, and that such fragility evaporates when the underlying fundamentals
are strong implies that optimal market responses feature convexities for poor fundamentals that
eventually fade away. As in the baseline model, I show below that these properties translate in

optimal disclosures featuring transparency for weak fundamentals and opacity, otherwise.
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6.5 Regulatory Disclosures

Assume that the regulator commits to a regulatory disclosure I' = {m, M1, ..., M}, which for each
realization of the fundamentals é: publicly discloses an announcement m = (my,...,my) € Hi]\;1Mi
with probability m {m‘é} Each announcement m; represents information directly intended for
audience 7. However, the public nature of the disclosure implies that all audiences perfectly observe
the whole vector .

I assume that, for each announcement m = (ml)fil disclosed with positive probability, m,; =
E{6;/m} = E{0;/m;}. In other words, we identify each announcement with the posterior estimate
about the fundamentals’ i-th dimension after the information has been revealed to the market.
Importantly, we assume that disclosures are orthogonal among themselves, meaning that along
each dimension 7, the information passed on to the investors, m;, reveals information exclusively
about 6;, that is, E {6;|m} = E{6;|m,}.3

The fact that disclosures are public and that investors do not have private information implies
that, in equilibrium, strategies must be measurable with respect to the public announcement m.
Thus, the equilibrium amount of support from audience i after announcement 1 is disclosed, is given

by Af (m). In equilibrium, each investor [ in each audience i thus conjectures a market response
(A;‘k (m),Ax; (Tﬁ)) and solves

s {u (ag, 0;, A? (1) , A%, (m)) I = m} .

The fact that

a;

E {;lui (ag, 6;, Af (), A*, (m)) \m} = E {em (Af (m) , A%, (1h)) — al|m = rﬁ} :
= E{6:|m} o (A7 (1), A, (1)) — df
= Mmip; (Aj (m), AZ; (m)) - aév

then implies that, investors’ actions depend on the posterior beliefs distributions about 6 only

through the public announcement m. Thus, we must have
a; (m) = m; - pi(a; (M), a”;(m)), Vi€ {1,...,N}. (13)

Next, we note that any regulatory disclosure I' induces a distribution of posterior estimates
{E{6;/m;}}Y . Let G; represent the cdf of posterior estimates of dimension 7 induced by regulatory
disclosure I (i.e., G} is the cdf of the random variable E {6;|m;}). There exists a one-to-one mapping
between (orthogonal) regulatory disclosures and distributions of posterior estimates (Gy,...,Gn)
satisfying, for each dimension i, F; >yps G;. Henceforth, we identify each regulatory disclosure

with the distribution of posterior estimates that it generates and denote it by I' = {G;, G;}.

36Provided that the regulator’s disclosures are orthogonal, the assumption that m; = E {0;|m;} is without loss, as
implied by Strassen’s theorem.
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The regulator’s problem then reduces to
N o
max %/ a; (m;) Gy (dmy)
{Gi}évzl ; 0 ’
s.t:  F; =mps Gy, Vi.

Our next result characterizes the optimal regulatory disclosure.

Theorem 2. The optimal regulatory disclosure I'* = {Gf, G}"} is characterized as follows. Fir an

announcement on the j-th dimension, m; = m;; then, there exists m; (m;) so that

G; (0:) = { F (i (my))  if i (my) < 0; < 6] (my)

where 1h; (m;) is implicitly defined by E {6;|6; > mh; (m;)} = 91## (m;).

Theorem 2 shows that the main qualitative insight deduced in the Baseline Model extends more
broadly to a rich class of economies where strategic complementarities manifest. In this Section, I
have abstracted from many institutional details assumed in the Baseline Model to broaden the scope
of the applications the model can be used for. Similar to the findings in Theorem 1, the optimal
disclosure I'* imposes, along each dimension i, complete transparency for weak fundamentals, 8; <
1m; (m;), followed by complete opacity for strong fundamentals, 8; > 72; (m;). 1 prove in the Online
Appendix that the features of the optimal disclosures discussed in this Section further generalize
for the case with N > 2 audiences and to all stable equilibria (Dixit (1986)) of the game.

7 Conclusions

This paper studies the optimal design of regulatory disclosures. I consider a rich environment that
emphasizes the interaction among multiple audiences who care about different aspects of the firm’s
fundamentals. I show that the degree of transparency of the optimal policy is directly linked to the
extent of strategic complementarities between the market participants. Poor financial conditions
induce and amplify strategic complementarities among the firm’s investors generating a regulator’s
preference for granular disclosures. As the firm’s fundamentals improve, the strategic complemen-
tarities vanish, thereby dissipating the preference for transparency.

The optimal regulatory disclosure is robust to several practical concerns. Optimal disclosures
are robust to (i) the adversarial coordination of the firm’s investors, (ii) the firm’s agency, and (iii)
the introduction of asymmetric information. Interestingly, the main predictions of the model are
consistent with recent empirical findings documenting the relationship between the informativeness

of regulatory disclosures and the firms’ financial conditions.
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The above results are worth extending in several directions. The analysis assumes the regulator
knows the distribution of the fundamentals in the economy when she designs the optimal her policy.
Such knowledge may come from previous experience with similar firms. While this is a natural
starting point, there are many environments in which it is more appropriate to assume that the
regulator lacks information about the joint distribution of the underlying fundamentals. In future
work, it would be interesting to investigate the optimal disclosure policy in such situations. One
idea is to apply a robust approach to the regulator’s problem, whereby the regulator expects nature
to select the information structure that minimizes her payoff. The characterization of the optimal
policy in this environment is highly relevant both from a theoretical standpoint and for the associated
policy implications.

The analysis assumes that the only tool at the regulator’s disposal is her ability to design
regulatory disclosures. In many applications of interest, the regulator can complement disclosures
with additional measures. For instance, she may impose further capital or liquidity restrictions, or
react to liquidity squeezes by acting as a lender of last resort. In future work, it would be interesting
to study the interplay between disclosures and other policy tools.

The model further assumes a one-shot interaction between the firm and its investors. However,
firms’ financial decisions are intrinsically dynamic phenomena. If the fundamentals are persistent
over time, the optimal policy must also specify the timing of disclosures. In future work, it would

also be interesting to extend the analysis in this direction.

Appendix A: Laissez Faire

Proof of Proposition 1.

We start with claim (a). For any P, z € R4, define the function

((Piz)=P— (%) (1-F@(P).

Consider any z € [0, PR/)). Suppose first that dy (1 — Ag) > 1. This implies that ¢ (0;z) = 0 and
that, for any 0 < P < P,

((Piz) = P—(3) Flozo(P)
> 0.

Next, suppose by contradiction that there exists P € (P, K) where the function ( (-; z) crosses 0,
- . . A . 15; — P—h;
from positive to negative, that is, ¢ (P; z) =0and 0_((P;2)|p_p = %%C(Z)C}L(Z) < 0. Note

that assumption 2 implies that ¢ (+; z) is concave and hence absolutely continuous. Thus,

,
Pz =¢ (i) + [ )<, vPe (2K,
P ——

~ <0
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where the fact that ¢’ (p; z) < 0 for (almost) all p > P follows from the concavity of ¢ (-; z) and the
construction of P. The inequality above contradicts the fact that ¢ (K;z) > 0. As a result, there is
no positive price P satisfying ¢ (P;z) = 0.

Assume now that d; (1 — Ag) < 1. Then, [0, PR/A) = () and hence the claim is vacuously true.
This proves claim a.

Claim (b) follows directly from the fact that Agt = 1 {P > K} and the observation that P (z) =
% for any z > KR.

Next, to see claim c, fix any z € [PR/\, KR). Assume that assumption 2 holds. We show that
¢" (z) > 0 for any z € [PR/)\, KR). Indeed, by differentiating (7) with respect to z, we obtain

gl
’“Ul

§ ) = fo ( ) P (2)
_ bl <¢<Z ) +2¢'(z ) (14)

where the last equation follows from differentiating P (z) (recall the definition in 5). Differentiating
(14) with respect to z, we get that

RY" (2) = =, (@ (P(2))) P' (2)* /R + [ (@ (P(2))) (26 (2) + 26" (2)) ,
and therefore we conclude that

—f, (@ (P(2))) P'(2)* /R +2f., (@ (P(2))) ¢' ()
R—zf, (@ (P(2))) '

Claim c. 1. R—zf, (@ (P(2))) > 0 for all z € [PR/A,KR).
Proof of claim ¢ .1. We prove that the function

¢" (2) = (15)

z

(Piz)=P— (%) (1- R @(P)

crosses 0 exactly once from below over P € [P, K|. Indeed,
z .
((B:z) = P—(=) P{w>min{ld (1- A)}}

< r-(Gaeo

where the last inequality follows from the assumption that z € [PR/A\, KR). Next, note that
((K;z) = K — % > 0. The intermediate value theorem then implies that there exists Pe (P, K),
with ¢ (]5, z) =0.

We finally prove uniqueness. Note that the assumption that F, admits a continuously density
over [0, 1) implies that ¢ (-; z) is concave and continuously differentiable. Suppose that the equation
¢ (P; z) = 0 admits multiple solutions over [P, K]. Then, let P; and P, be two such solutions and
assume that ]51 < ]52 and that ¢ (-;2) crosses 0 from below at ]51 and from above at ]52. Then, it
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must be the case that C’(]-:’g; z) < 0. The concavity of ¢ (+;z) then implies that ¢’ (P;z) < 0 for
almost all P € [152, K } This means that

C(Pi2) = ¢ (152;2) +/pp ¢ (p;2)dp < 0, VP € [PQ,K} .

-0 <0

This contradicts that ¢ (K;z) > 0. Thus, there exists a unique P € (max {d; (1 — Ag) — 1,0}, K),
with ¢ (P, z) = 0. Moreover, ( (+; z) turns from negative to positve at this point. The definition of

P (z) then implies that P = P (z). We must then have that

RC(P;z)=R—zf, (0 (P)) >0, alP€ (P(z) — €, P(2)+¢),

for some € > 0.1
Claim c. 2. ¢/ (2), P’ (2) > 0 for almost all z € (PR/\, KR).
Proof of Claim c.2. From equation (14), we know that, for all z € (max{dl(lng)fl’O} R, KR) ,

o fu(@(P(2) 0 (2)
¢ (2) = R—2f, (0(P(z)))

Claim a then implies that ¢’ () > 0 for almost all z € (PR/X, KR) . The fact that P (z) = %¢ (2),
together with the last result, then jointly imply that P’ (z) > 0 for almost all z € [PR/\, KR) .l

The proof of claim (c) then follows from combining the results in Claims c¢. 1 and c. 2, and
equation (15).00

Proof of Proposition 2. We first observe that P is nontrivial only for assets with expected
cashflows 6§, > PR/\. Indeed, as proved in Claim I of Proposition 1, for any < 6, < PR/,
P (xz) =0=¢ (P (z)), and therefore the firm optimally chooses z* = 0.

Next, assume that 6, € [PR/\, KR). We show that the firm’s expected utility is quasi-convex
for any x € [BR/ A, 0}] and always attains its global maximum at one of the corners = € {O,ér}.
Indeed, note first that

Ty @) = A{P@R- R 1)+, -2)o(P@)
= {ch(P)+(PR—R(dl—1)—1—57«—3:)@’(15)}15’(@—<_p(P)
_ {Rgo<p>+<pR_R<d1_1>+ar_m>¢<>}(R_“0_,fj)(P)> o(P)
= RP'(z) - {p(P)+ (P—(d1 —1)+6,/R) ¢ (P) — 1},

where the third and fourth equalities obtain from noting that implicit differentiation of the P
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function yields
P (z) = LA_‘
R —xy (P)

Define
¥ (038) = ¢ (P (@) + (P(2) — (d — 1) + 0,/R) ¢/ (P(a)) 1.

The monotonicity of ¢ and P and the convexity of ¢ (implied by assumption 2) means that y (-; ér)
is monotone. Let xg (ér) be implicitly defined as the solution to y (:Co; 9}) = 0 if such a solution
exists for some z € [BR//\, ér]. Otherwise, let xg (ér) =0, if x (x; Q_T) <0 forall z € [BR/)\, éT],
and z¢ (6,) = PR/ if x (2;6,) > 0 for all z € [PR/), 6;,].

Assume first that xg (@) € (BR/)\,@). The fact that y (ac;H_r) < 0 for all x < xg (_T) and
X (a:;ér) > 0 for all x > zq (ér) implies that V (~; 9}) is decreasing over x € [BR/)\,xo (ér)] and
increasing for any x > g (6_,«). Thus, V (-; 9_7«) attains a (local) minimum at x = x (ér), and a
(local) maximum at the corners z € {PR/X,6,}. We note next that V (z;6,) is supermodular in
(:n, 6_?7«), which means that, if V (x =0, éT) >V (a: = PR/, O_T) for some 6,, then we must we have
that, for any 6. > 6,,

0<V(x=0:0)—V(x=PR/NG) < V(z=0:0)—V(x=PR/\E)
V(e=0:0)-V (=PRI,

rUr

where the second inequality obtains from the fact that V (-; Q_T) is increasing for any =z > xg (QT)
and the fact that é; >0, > xo (ér). Thus, if for some 6,, the firm prefers to sell the whole asset
x = 0, over selling the minimum amount leading to a nontrivial price, i.e., z = PR/\, then, any
firm with an asset with 6. > 6, prefers to sell the whole asset as well.

Suppose now that xg (ér) = 6,. This means that V (-;0_,«) is decreasing over [BR/ )\,9_,1} and
therefore attains a local maximum at x = PR/\. Assume next, instead, that xg (ér) = PR/X. This
implies that V' (-; ér) is increasing over [BR/ A, 9_,«] and hence attains a local maximum at x = 6,..

Finally, we need to check whether, for any 6, € [PR/\, K R), the local maximum described above
is, in fact, a global maximum. As argued above, provided that the firm chooses to sell a fraction
x < PR/), it is optimal to not sell at all (i.e., z = 0), as any asset with expected cashflows below
PR/ leads to a null price. We conclude that for any 6, € [PR/\, KR), x* (H_T) € {O,BR/)\,H_T}.

Next, for any 0, € [BR/)\, 9#),

V (PR/A,0,) (P(PR/\)R— R (dy — 1) + 8, — PR/)) - ¢ (P (PR/)))

= (PR—R(d —1)+0, — PR/X) - \.

We show that V (BR/)\, ér) < 0 for all 9, € [BR/)\, 0#). Indeed, the definition of 8# implies that
5 (0t o7 o
P(0%) = o (P (%)) = -1,
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and, therefore,

gt _ Bl —1) _ R(d—1)
0 (P(0#))  1—-F,(1—d1Ay)’

This means that

1% (BR/)\, 9#) — A (BR “R(dy —1) + 6% — BR/A)

Fw (1 — dlA())
1-— Fw (1 — dle)
R{N(di —1)F, (1 —diAy) — P(1 = \) (1 = F, (1 — dyAp))}

1-— Fw (1 — dle)
RM dy —1—dyAg(1— F, (1 —diAp))}
1— Fw (1 — dlA())
—PR(1-F,(1—diAp))
1— Fw (1 — dlA())

= AR(d;—1) —PR(1-))

< 0,

where the inequality directly follows from inequality (8). We have used the fact that P = d; (1 — Ag)—
1 > 0, which is also implied by inequality (8). The monotonicity of V (PR/A,-) then implies that
V (PR/X,0,) <0 for all 6, € [PR/X, 0%).

Note next that

V(6r.0,) = (P(6r)R—R(d1—1))-9(P(6))
< 0, V0, c [ER/)\,G#),

with equality if, and only if, 8, = ##. This means that, when 6, € [BR/)\, 0#), both x = PR/
and x = 0, are dominated by x = 0. In other words, the firm does not sell any security to AM
investors.

Next, the mean value theorem implies that, because V' (9#, 0#) -V (BR/)\, 0#) > 0, there must
exist € (PR/A, 0% ) such that

B (z;e#) _ V(6%,6%) =V (PR/),6%)

Erad 0# — PR/X

This further implies that 6%)( (:E; 0#) > 0. The monotonicity of x (:U; G_T) in (z, ér), together with
the monotonicity of P’ (-) (recall that under assumption (2) P is convex), then implies that

;V (a:; ér) >0, for all z > %,0, > 7. (16)
T
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In other words, zg (9#) € [PR/\, %). Therefore, for any 6, > 07,

i 0 5
V (PR/X\0,) = V(PR//\;H#>+/ -V (PR/X;0)d6
—_—

0# T
<0

0, o
g# 00,
) )
L V(0:0)+ —=V (6:60) ) b
- /9# <axv(’ AR )>

0y
- V(e#;e#)+/ %V(@;&)de
0#

N

V (6;6)do

=0
= V(6,6

where the first inequality follows from the supermodularity of V' (m, 9;) (implied by the monotonicity
of ¢ and P), which means that for any 6, > PR/,
0

o 9 _
55V (0r:00) > 50V (PR/X ).

The second inequality, in turn, obtains from (16). We conclude that, for any 6, € [9#, K R),
% (ér; 9}) > max {V (0; ér) ,V (ER/)\; ér)} ,

with strict inequality for any 6, > 6%, and therefore, for any 6, € (0#, K R), T (9}) =0,.
Finally, consider the case where 6, > KR. Then, the firm can secure the maximal possible

payoff by issuing any security with expected value x = K R. Indeed, for any x > KR,

V(l‘;@r) :gr—R(dl—l).

This completes the proof of Proposition (2).00

Appendix B: Optimal Information Disclosure

Proof of Theorem 1.

Let U (z) = Lo (2) (1 — ¢ (2)) + Wo (2) ¢ (2). Under the assumptions in the theorem, the function
U (+) is convex for any z < KR and hence differentiable almost everywhere. Using integration by

parts (see Theorem VI.90 in Dellacherie and Meyer (1982)), we can rewrite the regulator’s problem
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as

mén /0 G (z)dU (z) — AU (KR) AG (KR)

st: F. =mps G,

where AU (KR)=U (KRT) —U(KR™) and AG(KR)=G(KR") -G (KR™).
Using the definition of Ly and Wy, the objective then becomes

o# KR z
—TIL G (z)dz + / (Wo (2) ¢ (2))' G (2)dz + T G (z)dz — AU (KR) AG (KR).
0 0% KR

Consider an arbitrary feasible distribution H satisfying F,. =mps H. Let pg,. be the probability mea-
sure inducing F,. Suppose that pp. {6, : H (6,) # G* (6,)} > 0. We show that such a distribution
is necessarily dominated.

Step 1. Assume that ug, {HT <0,:H(0,) <G (07«)} > 0. The definition of 6, implies that
ur, {0, < KR: H(0,) > G*(0,)} > 0. To see the last observation, note that, if this is not the case,
then

z KR z
/0 H(z)dz < /OA min {Fr (2) ,F,(H,J}dz—i—/KR 1dz
_ /OGT Fr(2)dz + Fo(6,) (KR —6,) + (2 — KR).
= T- Eo (6r)
- /0 "B(2)dz, (17)

where the inequality follows from the definition of G*, the first equality is self-evident, and the last
equality obtains from noting that, by definition of 0,,

0, .
/ F, () + KR(1— Fy(6,)) = By (6,),
0
and, therefore, using integration by parts,
0, . . .
/ P (2)dz = 6,F,(6,) + KR(1 — Fo(6,)) — Eo (6,).
0

Inequality (17), however, contradicts the assumption that F,. =\ps H. We thus focus on policies
H satistying up, {6, < KR: H (0,) > G*(6;)} > 0.

Next, pick two adjacent sets @_ C [0, HAT}, O4 C [0, KR), with sup ©_ = inf O, satisfying (a)
ur, {6-},pp. {0+} > 0, (b) H(6,) > G*(0,) pp.-almost all 6, € O and H (0,) < G*(0,) for
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pr.-almost all 0, € O_ with ug, {0, € O_ : H (0,) < G*(6,)} > 0, and (c)?"
/ (F, (2) — H(2))dz —/@ (H (2) — G* (2)) dz. (18)

Construct an alternative policy H defined as follows: H (6,) = H (6,) for all 6, ¢ ©_ U O,
H(8,) = F, (6,) for all 6, € O_, and H (6,) = G* (6,) = min {F 0,),F, (9)} for all 6, € O,

We note that the new policy is feasible as, by construction,

o 0,
/ H(z)dz < / F. (z)dz, V0,,
0 0

and
/ H(z)dz = / H(z)dz+ F,(z)dz + G* (z)dz
0 e\(6_u6,) 6.

CH
- /OxH(z)dz:/OxFr(z)d%

where the second equality is a consequence of (18).
The new policy strictly improves upon H as U’ (z) is nondecreasing over [0, KR), and H is
contructed from H by moving probability mass from high realizations of 8, to low realizations.
Step 2. By virtue of Step 1, assume without loss that H (6,) = F,. (0) for all 6, < 6,.. For any
such a distribution H which also satisfies F, =yps H, let

VH] = /9 U (5) H (2)dz — AH (KR) AU(KR).

Note that

~ KR ~
vieT = F (0) /6 U (2)dz + rw (& — KR) — (1— F(0,)AU (KR).

3TExistence of ©_ and O, is guaranteed from the assumption that up, {GT <0,:H(0,)<G 0, =F (9,«)} >0,

the observation above that pur, {6, < KR : H (6,) > G* (6-)} > 0, and the fact that foer H(z)dz < fogr F, (z)dz for
all 6.

42



KR
VIH -V = / U (2 (er)) dz — KR(l—H(z))dz
(1 — ~ AH (KR ) AU (K
_ /KRu' ~F(6,)) dz — /KR (H ) - F(6)) dz
(1 . ~ AH (KR ) AU (K R)

KR
- / U () = w) (H (2) = Fo(6,) ) )z + (1 = Fo(f,) — A (K R)AU (K(R9)
Or
where the second equality follows from noting that
/H dz—/G* ydz = Fo(0,) (KR~ 0,) + 2~ KR,

which implies that

/;R (H () — FT(H})) dz = /;R (1—H (2))dz.

We note that if féIfR U (z) — w) (H (2) — Fr(ér)) dz > 0, then (19) directly implies the result
in the theorem, since 1 — F,.(6,) > AH (K R). We assume therefore that,

/GKR (w —U'(2)) (H (2) — Fr(ér)) dz > 0.

Note that (19) then implies that

R KR Z)— L'y Ar
VIH]-VI[G"] = (H(KR)—FT(HTD{AU(KR)—/é (TW_“/(Z))HZ((JQ—)fgé)dz}

+(1- H (KR')) AU (KR)

- (ramy = @) { [ - (- a5 )

where the inequality obtains from noting that

U(KR)—U (0) — Wy (KR)— W,y (9) & (0)
()

> Wy (KR)— W

— rw (KR-0,),

43



and therefore
A KR A~
UKR)~u (6,) = / U (=) dz+ AU(KR) > rw (KR —6,),
Or

implying that AU (KR) > éIT(R (tw —U(27))dz.

The next claim is instrumental to prove that

/KR (r=U'(2)) (1— H(2) — Fr(6:) ))dz>(), (21)

H(KR-)— F,(0

and, therefore, from (20), that V [H] — V [G*] > 0

Claim 3. Consider two functions w,J : [a, b] € Ry — R, satisfying (a) J nondecreasing,
continuous over [a,b), with J (a) = 0 and J (b) = 1, (b) w nonincreasing, and (c) f:w (x) J () dx >
0. Then, we must necessarily have fa w(z)(1—J(x))dz > 0.

Proof. Using integration by parts, we have

/abw(a:)J(a:)dxz/abw(x)dx—/ab (/:w(z)dz)dJ(x), (22)
N

=q(z)

where we have used the assumption that J (a) =0 and J (b) = 1. This equation implies that

b b
/w(x)(l—J(x))dx:/ q(zx)dJ (z).

Next, we note that part (a) implies that J (-) is a probability measure over [a,b]. Part (b) further

implies that ¢ (-) is globally concave. Construct an alternative measure
, b— [Pad] budJ (x) -
N T p—

That is, J allocates all probability mass to either x = a or x = b, and satisfies ff xdJ (x) =

f; xdJ (x) . We observe that, by construction, J =yps J. The concavity of ¢ (-) then implies that

b b bx Tr)—a
/q(m)dJ(m)>/ q(x)dj(w)ZQ(b)'<W)'

Next, property (c) and equation (22) jointly imply that

q(b)=/abw<x>dx>/abq<x>dJ<w>.

de

The last two inequalities, together with the fact that Ls < 1, then imply that ¢ (b) > 0,
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and therefore
b b
/ w(x) (1 — J(x))dx:/ q(x)dJ (z) >0,

as claimed. W R
. _ _ H(2)—F (0,
By letting w (2) =7 —U'(2) and J (2) = H(KR—)}(?T(ZAT)
and therefore V' [H| > V [G*]. This, in turn, implies that G* solves the regulator’s problem.

in claim 3, we conclude that (21) holds

Appendix C: Robust Information Disclosures

D1 Refinement. Define first the set of best responses to an arbitrary security s, BR(s), as the set
of prices which are consistent with rationality of the investors under some belief about the type of
the firm:3®

BR(s) = {PZO: EI;('S)P{wjthA*(P)} ZP}.
Define then,

D(0|s) ={P € BR(s) : V(P,s,0) >V (P*(sp),sp,0)}

D°(|s) = {P € BR(s) : V(P,s,0) =V (P*(s}) ,55,0)} .

The profile {{5’5}969 ,,u*,P*,A*} satisfies the D1 criterion if for any security s € S with s #
54(0) all § € ©, p,(s) is such that V0,8" (D(f|s) UD(H]s)) C D('|s)) = p(6]s) = 0.

Definition 2. We say a function g : ¥ C R — R satisfies single crossing from above (SCFA),
if there exists some y € Y such that g(y) < 0, then Vg > y, g(g) < 0. Similarly, we say that
h:Y C R — R satisfies single crossing from below (SCFB), if the following holds true: if there
exists some y € Y such that h(y) > 0, then Yy >y, h(g) > 0.

Lemma 3. Suppose that g : Y C R — R satisfies SCFA and that f(y,t) is log-supermodular for
all (y,t) € Y x T C R2. Define ¢(t) = [, 9(y)f(y,t)dy and let yo = inf {y € Y : g(y) < 0}.Then,
Vi>teT:

¢ (1) =0=¢(t) > 0.

Proof. That f(y,t) is log-SM implies that ;E’g is non-increasing. Then,

o(t) = /Yl{y < yo}g(y)f(y’é)f(yi)dw/y1{y > Yo} 9(y)

f(y,t)
f(y07t)
<f<yo,£>> ¢ (0)

38First-order stochastic dominance (which is implied by MLRP) means that

f(y,1)

. E)f(y, t)dy

{P>0:E};%(S) xP{w-{—PZA*(P)}ZP}:HEUA@{P>O:E(ZM) ><IP’{w+P2A*(P)}2P}
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which implies the result. O

Proofs Subsection 5.1.

As an intermediate step, we first characterize the set of equilibrium outcomes that arise in the
fund-raising game in the absence of regulatory disclosures. Proposition7 below extends the results
in Nachman and Noe (1994) to the current environment, where the probability of default is endoge-
nously determined by the interaction between the two audiences.?® The proposition below shows
that, although the celebrated uniqueness result of Nachman and Noe (1994) may not hold in the
current environment, some qualitative properties remain true.

The next proposition shows that when the firm faces severe liquidity constraints, i.e., when
assumption 2 holds, the existence of a firm type with sufficiently poor assets may completely freeze
the asset market, preventing both firm types from raising funds. AM investors’ ability to foresee
the possibility of a run and to price assets accordingly, together with the incentives of type &g
to separate from type £, induces a contagion effect so severe that no firm is able to raise funds.
Furthermore, if the aggregate expected profitability of the firms’ assets is lower than K, market

freezing becomes the unique equilibrium of the fund-raising stage.

Proposition 7. Suppose that assumption (2) holds. Then,

1. All pooling equilibria are in debt contracts (Spooy = min{y,d}, d > 0). Moreover, P (spoo1) <
K.

2. Suppose that B¢# {0,} > KR > E&L {0,}; then, in any separating equilibrium, any security
issued by type &y satisfies P (s3;") < Er(y) < KR.

Proof. The proof below applies regardless of whether the regulator has disclosed information about
the fundamentals ¥ = (6,,w). Assume that the survival probability can be written as P {w>wi(2)},
where wﬁ(-) represents a decreasing function, continuously differentiable for almost all z < K, and
with wi(7) = 0, for all z > K. In the context of Section 3 and 4, w* (P) = @ (P), while in the

~LST

context of section 5, w# = G™T. Define I (z) as the set of prices which induce a nonnegative profit

to AM investors when a security of expected value z is purchased. That is
II(z) = {P >0: (z/R)IF’{w > wﬁ(P)} > p},

Part 1.a. We first rule pooling in securities other than debt contracts. Suppose that there exists
an equilibrium of the fund-raising game, {{Uf}gez s by P, A}, and any nontrivial security § € S with
o¢ (5) > 0, for all £ € Z. Suppose by contradiction that 5 is not a debt contract. Define the debt
security sp = min{y, D} where D is such that Eg (sp — §) = 0. Note that sp — § satisfies single

39The model in Nachman and Noe (1994) assumes that the seller of the asset (i.e., the firm in our environment)
survives with probability 1 if the latter raises an exogenous amount K and defaults, also with certainty, if the firm
does not.
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crossing from above (SCFA) and hence lemma 3 implies that Ef, (sp — §) > 0 =Eg (sp — §). Thus,
Eg (y—sp) —Er(y—sp) >Eu (y—3) —EL(y—3). (23)

Next, let P¥(z) = supII(z) and define AV¢(P) as the difference in payoffs for type £ obtained
by switching to security sp, and sell it at price P, instead of issuing security § at price P (§) =
PF(E, (8)), with i =op (3) / (0r (8) + o (8)) € (0,1). That is,

AVe(P) = V(Psp&) =V (P(3),5,6)

_ (JBR—R(ch—1)+IE5<¢97»—8D>)]P’{WEWﬁ (P)}
P

—(P(3)R—R(dy — 1)+ Ee (6, — §))P{w > wh ( (é))}, £CE.
Inequality (23) together with the fact that 6, — sp and 6, — § are monotone then imply that

AVi (P) = AV (P) = (B (6, = 50) =50 (6 —so) F {uo > o (P)}

~ (B (6, — 5) ~Ep (6, - 5) P{w = wf (P (5))}
> 0, VP> P(3). (24)

Next, the fact that F, is nondecreasing and right-continuous implies that II(-) is compact and

strictly increasing for any 7 > 0.40 Thus,
P (3) = max II(E; (5)) < max II(Eg (5)) = max BR(sp),

where the first equality follows from the compactness of IT and the definition of P (§). The inequality
arises from the strict monotonicity of I and the MLRP ordering. The second equality is by definition
of BR (-) and the construction of sp.

Finally, note that Er, (6, — §) > Er, (6, — sp) implies that AV, (P (5)) < 0. By construction,
we also have that AVy (P (3)) = 0, which together with the fact that P (3) € I (E; (8)) C BR (sp)
and the result in (24) imply that

D(9L|SD) u DY (0L|5D) C 'D(HH’SD) .

As a consequence, market beliefs consistent with D1 must necessarily assign p ({g|sp) = 1. This
implies that the market prices the security sp at P* (Eg (sp)) > P () and therefore both types have
incentives to deviate and issue sp instead, which contradicts the assumption that { {o¢} cez o Mo P A

is an equilibrium.

Part 1.b. Next, we show that under pooling no type raises more than K. Suppose, by con-

tradiction, that there exists an equilibrium of the fund-raising game, {{05}565 ) by P, A}, and any

10YWe say that a correspondence o : Ry — 2%+ is strictly increasing if, for any z, 2’ € Ry, with z < 2/, ¢ (2) C ¢ (2').
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nontrivial security s; = min {y,d} with o¢ (s4) > 0, for all £ € Z. Define P*(z) = supIl(z)
and let pg = op (s4) / (or (sa) + om (s4)). We must then have that P (s;) = P* (E,, (54)). As-
sume by contradiction that P (s;) = P*(E,, (sq)) > K. Consider the alternative debt contract
se = min{y,d — e} with € > 0 small so that (a) Ey (sc) > E,, (sq), and (b) E,, (sq4 — s¢) <
R (P (sq) — K). We show that type 0y can profitably deviate to s.. Observe that s; — s is an
increasing function. FOSD (which is implied by MLRP) then means that Eg(sq—s¢) > Ep(sq— se),
or equivalently,

Eg(y—se) —Er(y—se) >Eg (y—sqa) —ErL (y — sq) - (25)

Define AV (15; Se, sd> =V (15, se,f) —V (P (sq),84,&) as the difference in payoffs for firm & ob-
tained by switching to security s., and sell it at price P, instead of issuing security sq at price P (sq).
That is,
AV (15; se,Sd) =V (15, 86,5) — V(P (sa),54,€)
= (PR+IE5 6, — 85)> P{w > b (P)}
— (P (s4) R+ Eg (6, — 52) P{w > (P(s0)) } , € € Z.

Next, the fact that Eg (s¢) > E,, (sq) implies that
(B, (sa) G T (Ex (se)) = BR(sc)

and hence P (sq) € BR(s¢). Moreover, given that s¢ is smaller than s;, we must have that
AVe(P(sq)) > 0 for both £ € E, and therefore that D({|s¢), D(mlse) # 0. Next, inequality
25 implies that

AVy (15; Se, sd> — AVy, (15; Se, sd> = (Eg (6 —s¢) —Er (6, —s¢)) x P {w > ot (P)}

~ (B (0 = ) = B, (0, = 50)) x P{w > o (P (s0)) }

=1
> 0, YP>K, (26)

Finally, let
P.= P (sq) —E,, (sq4 — s¢) /R.

Condition (b) above implies that P. € [K, P(sq)). This means that

EHésg)P{w > o (12)} _ EH}(%SE) - Eud]:gscz) _ P(sy) > P,

and therefore P. € BR(s.). Moreover, by construction, we have that AV (155) >0>V ( 1).
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Indeed,

AVL (R) =V (155,86,&) =V (P (sd),84,6L)

(PER Y EL (0, —s0)) — (P (sq) R+Er (6, — s4))
Er (sa —se) —Ep, (84 —
< Eg(sa—se) —Eu, (54— o)

(PR +Ep (6, = 50)) = (P (s0) R+ Ep (6, — 54))

AV (156)

se) <0

where the second and fifth equalities follow from the fact P, P(sq) > K, the third and fourth
equalities obtain by definition of P., and the two inequalities follow from FOSD. Thus, D (&nlse) U
DO (¢r|se) € D (€x|se), and consequently market beliefs consistent with D1 must assign p (£x7]sc) =
1. Together with condition (a), this implies that both types can profitably deviate to s.. This is a
contradiction and therefore P(sy) < K.

Part 2. Consider any security sy issued only by type £x. Assume by contradiction that
P(sg)R > Ef (0,). Denote by sy, any security issued with positive probability by type 6r. That

this is separating equilibrium, together with assumption 7?7, means that
P(SL) = maxII (EL (SL)) < Ep, (SL) /R,
Hence,
P(sg)R>EL(6,) >P(sp) R+EL (0, — s1) (27)
As a result, type &1, has incentives to mimic type £g. To see this, note that
V(P (SH) 7SH7€L) - V(P (SL) )SngL)
= (P(su) R = R(d1 1) + B (8, — su)) x P{w > (P (sm)) }
—(P(st)R—R(di —1) +Ep (8, —s1)) x P {w > b (P (SL))}
> (P(sg)R—R(dy—1)+EL (0, —sg)—(P(sp)R—R(dy — 1)+ EL (8, — s1))) X
P {w > Wb (P (sL))}
> 0,

where the first inequality arises from the fact that P (sg) > P (sz) and the monotonicity of wf.
The second inequality, in turn, is a consequence of equation (27). This is a contradiction and hence
P(sy) < £EL (6,)m¥) < K. O
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Proof of Proposition 3.

We prove that, when the disclosure policy announces that m, = {Or > ér}, then the (best) equi-
librium of the fund-raising stage consists of both firm types selling the whole risky asset at a price
P = K. Recall that the definition of 6, is E (97«]& > ér) = KR.

To see that this is an equilibrium, fix an arbitrary security 5 and define AV (P,5) as the
differential payoff obtained by type & by switching from pure equity, that is, s(-) = Id (-), to an

alternate security § and receiving a price P for the latter. That is,

AVe (P,3) = Vi (P,5,m,)— Ve (K,1d,m,).
= R{(P— (i~ 1) +EE (6, - 5(6,) Imy) /R) 9 (P) — (K = (dh — 1))}

We show that beliefs that assign probability 1 to the type being 6y, are consistent with D1. Clearly,
under such beliefs no firm type has incentive to deviate.

The next claim reduces the set of deviations that need to be considered.

Claim 1. Fix an arbitrary security s € S, let s; = min {y, d} be the equivalent debt contract from
type £i’s perspective, that is, s4 is such that ES# (s — sglm,) = 0. Then, AV, (P, sq) < AV, (P, s).

Proof. By virtue of Lemma 3 (which applies as MLRP is robust to bayesian updating) and the
definition of s4, we have that E¢% (s — sq|m;.) < 0. The result follows from noting that

AVe, (P, sq) — AVg, (P,s) = [ESC (s = sqlm,) @ (P) < 0.0

Claim 1 implies that the only deviations that need to be considered are those to debt contracts.
Indeed, for any security s € S, the equivalent debt security s; minimizes the set of prices that
would induce type {7, to deviate while keeping the set of prices for type £ unchanged (since by
construction, AVg,, (P, sq) = AVg, (P,s)). Under the D1 criterion, off-path beliefs at any security
s, must assign all weight to the firm type with the largest set of prices consistent with a profitable
deviation.*! Claim 1 thus proves that, to show that all possible deviations can be attributed to type
&1, it is enough to restrict attention to debt contracts.

Consider an arbitrary debt contract § = min {GT, d} with d > 0. For any P > K, we have that

AVe (P,3) = (P~ K)R+E* (0, —5(8,)|m;) >0, £ € E.
Next, we prove that AV, (P,5) <0 for any P < K satisfying P € BR (5). Define

P*(Z)Emin{PZO:%cp(P):P}

to be the smallest price consistent with selling a security with expected cashflows z.42 Note that

“ITo be precise, the set of relevant prices are those in BR(s) = {P >0: EHiR(S)go(P) > P}. This set remains

unchanged when considering the equivalent debt security sq4, by construction. ~
“2Under assumption (2), for any z > K R, there exist exactly two solutions to the equation %29 (P) =P, P(z) and
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AVe (P, 5) is strictly increasing in P. This means that, to show that AVg, (P,5) < 0 for any P €

BR (3)N[0, K), it is enough to prove that AVg,, (sup BR (5) N[0, K),3) < 0. Let z = E* (3(0,) |m,)

and observe that, under assumption (10), P~ (z) = sup BR (5) N[0, K). Then, for any P < P~ (),
MerlBI_(p gy 1)+ (B (8,1m,) — ) [R) o (P) — (K — (dy 1)

(P —(d— 1)+ (EEH (0, |m,) — x) /R) ( ~(z )) — (K —dy +1)

(K — (dl —D)e(K) - (K-di+1)

< 0,

N

where the first inequality follows from the monotonicity of AV, (P,5). The second inequality
follows from the fact that, by definition,

vp (P~ (@) /R= P~ (2) < P~ ()¢ (P (@),

and the assumption in (10). As a result, [K,00) = D (0|5) = D (0g|S) and, therefore, beliefs
satisfying p (5) = 1{0 = 61} are consistent with D1. This completes the proof that s(-) = Id () is

an equilibrium of the fund-raising stage.l[]

Proof of Proposition 5.

Step 1. First, we prove that under the laissez-faire policy there exists an equilibrium of the fund-
raising stage where both firm types pool over the debt contact sp = min{y, D}, with D chosen
so that E (sp) /R = K. At this equilibrium, the market keeps its prior belief about 6, g, when
observing security sp and thus offers a payoff equal to K for sp.

To see that this is an equilibrium, fix an arbitrary security § and define AVy(P|3) as the
differential payoff obtained by type 6 by switching from security sp to § and receiving a price P for
the latter. That is,

AV (P|8) = (PR +Eg(y —5(y)) ¢ (P) — (KR +Eq (y — 50 (y)))

where ¢ (P) =1— F“ (1 — P). We show that beliefs that assign probability 1 to the type being 6},
are consistent with D1. Clearly, under such beliefs no firm type has incentive to deviate. The next

claim reduces the set of deviations that need to be considered.

Claim 2. Fix an arbitrary security s € S, let s4 = min {y,d} be such that Ef (s — s4) = 0. Then,
AVL (P’Sd) S AVL (P‘S)

Proof. By virtue of Lemma 3 and the definition of s4, we have that Er, (s — s4) < 0. The result

follows from noting that

AVy (Plsq) — AVi (P|s) = Ey (s — s4) 6 (P) < 0.0

P~ (2), whereas for any z < KR, there exists only one solution at P = P (z) = P~ (2).
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Claim 2 implies that the only deviations that need to be considered are those to debt contracts.
Indeed, for any security s € S, the equivalent debt security s; minimizes the set of prices that
would induce type 01, to deviate while keeping the set of prices for type 8y unchanged (since by
construction, AVy (P|sq) = AVy (P|s)). Under the D1 criterion, off-path beliefs at any security
s, must assign all weight to the firm type with the largest set of prices consistent with a profitable
deviation.*®> Claim 2 can then be used to show that, if for a given debt contract s; we have that
D (01|54) UD® (01|54) 2 D (01|s4), then we must necessarily have that

'D(QL‘S) up° (HL‘S) D) D(QL‘Sd) uD® (QL‘Sd) oD (QH‘Sd) =D (QH‘S) .

Claim 2 thus proves that, to show that all possible deviations can be attributed to type 6, it is
enough to restrict attention to debt contracts.
Consider first deviations to debt contracts § = min {y,cf} with d > D. In this case, for any
P>K,
AVy(P|s)=(P—K)R—-Ey(5—sp), 0 €{L,H}.

The fact that § is a debt contract implies that §— sp is nondecreasing and therefore FOSD (implied
by MLRP) means that Ep (5 — sp) > Er, (5 — sp) > 0. As a result, there exists a price P > K for
which
AV, (P\.§> > 0> AVy (Pyg) .
This implies that beliefs satisfying u (5) = 1{6 = 0.} are consistent with DI.
Now consider the case where § is a debt contract with d < K. For any P > K, we have that

AVy(P|5)=(P—K)R+Ep(sp—35), 0 € {01,0m}.

That § is a debt contract implies that sp — § is positive and nondecreasing. Thus, AVy (P|§) > 0
for all 6, and all P > K. Next, for any P < K,

AVy (P|3) = AVL(Pl3) = (Ep(y—38)—Er(y—3))¢(P)— (Eu(y—sp) —EL(y—sp))
< (EH(y—S)—EL(?J—§)~)¢—(EH(?J—SD)—EL(?J—SD))
— (EH %H_(;; : Ei Ez)_ 5 _ 1> (Eg (y —sp) —Er (y — sp))
< 0

where the first inequality follows from assumption (c) in Condition 1. The second equality is by
definition of @. The last inequality follows from noting that Ex (5) —Ef, (5) > 0 since § is monotone
and signals are ordered according to MLRP. As a result, D (01]5) 2 D (0g|5) and, therefore, beliefs
satisfying 1 (§) = 1{0 =0} are consistent with D1. This completes the proof that sp is an

“3To be precise, the set of relevant prices are those in BR (s) = {P >0: ]EHTfS)qu (P) > P} (see the equilibrium

definition in the Appendix). This set remains unchanged when considering the equivalent debt security sq, by
construction.
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equilibrium of the fund-raising stage.

Step 2. Next, we prove that, under the sequentially optimal LST I'“, having both firm types
pooling over the security sp cannot be an equilibrium outcome. To show this, we prove that there
exists a profitable deviation. In fact, consider the security se = min{y, D — ¢} with € > 0 small.
Similarly to the analysis above, define AV “ (P|3) as the differential payoff obtained by type 6 when
switching from security sp to s. and receiving a price P, when the regulator runs the sequentially
optimal LST I'. That is,

AV (Plse) = (PR+ By (y — 5)) & (P) — (KR +Eq (y — sp)
where ¢ (P) =P{w > @ (P)} =1 — F¥ (@ (P)). For any P > K, we have that
AV} (Plse) = (P —K)R+Eg(sp —sc), 0 € {01,057} .
Thus, AV} (P|s¢) > 0 for any P > K, and any 6. Next, note that
AV (Klse) = AVE " (Klse) = Epg (sp — s) —Er (sp — sc) > 0,

as sp — S¢ is nondecreasing. We prove that, under the assumptions in Condition 1, there exists a
price P. < K satisfying that AVHW (Pelse) >0 > AVLW (Pe|se).

To see this, let P. < K be defined as the unique solution to AVE” (P|s.) = 0. Note that
the definition of @ () implies that Pl_i}r}r;fqg (P) = 1 and, therefore, lim P, = K. Next, we rewrite

e—0t

AVy “ (]-:’E]se) using the first-order Taylor expansion as

AVF (156\35) = AVSY (Kls.) + 05 AVE” (K|sc) (156 - K) +o (156 - K) ,

w rv _ v _
where 9, AV} (Kse) = lim lim AV, (Plse) ?Vg (P—d|se)
P—K—6—0t
at K. Thus, we can express

represents the left derivative of AV~ (P|s,)

AVEY (K|se) + o (1—1 - K)
OpAVE” (K|se)

AV (Ryse) = AVF (K|se) — 9p AVE” (K]s.) Yo (156 - K) . (28)

=K-P.

Next, assumption (b) in Condition 1, together with the fact lim @ (P) = 0, imply that

P—K~—

Jim ¢ (P) = lim £ (@(P)a (P) =0,

which in turn implies that

OpAVL” (Kls) _ . Ré(P)+(PR+EL(y—sJ)) ¢ (P)
OpAVE” (K|se)  P-K-R¢(P)+ (PR+Eq (y — sc)) ¢/ (P)
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Thus, by choosing ¢ sufficiently close to 0, we obtain that AVLFw <15g]3g) <0 = AVHW (Pg\Sg),
which can be seen by taking the limit € | 0 in equation (28).
Finally, consider ¢ sufficiently small so that EL](;E:) > K. Note that assumption (a) in Condition

1 implies that BR (35) = [O, EH](;é)]. By picking € = min{é, E} we then have that D (6p|sc) 2

D (0rle). As a consequence, beliefs consistent with D1 necessarily assign p(se) = 1{6 =0y} and
therefore such a deviation receives a price P = Eg (sé:) /R > K which leads both types to choose s,
over sp. This proves that sp cannot be an equilibrium. The rest of the proof follows from results
(1) and (2) in Proposition 7 which show that (i) any pooling contract always delivers a price weakly
smaller than K, and that (ii) in any separating equilibrium, type H always raises less than K.

This concludes the proof of the proposition. [

Appendix D: General Model

Proof of Proposition 6.

The main difficulty of the proof is the fact that (12) may admit multiple solutions. We characterize

the properties of the smallest of such solutions. Fix Q_j > (0 and define

a;# (ai;0;) = inf {a; : 00 (a;,aj) —a; <0},

#
J

a}# (ai;éj) represents audience j investors’ (smallest) best response to a; and corresponds to the

smallest solution to the equation a; = 6;P {w > d — a; — a;} whenever it exists. I omit henceforth

whenever {aj : éjcpj (ai,aj) —a; < 0} # (0, and let a (ai;gj)zéj otherwise. In other words,

the dependence of a}# (ai; éj) on 9]- for brevity.

Claim 3. a;-éﬁ (-; O_j) if’ strictly monotone and strictly convex for any a; < a; (Q_j), whereas af (ai; Hj) =

éj for any a; > a; (Hj).
Proof of Claim 3. Let

U, (ai;0;) = 0<m.ing.§j (1—-F,(d—a; —aj)) —aj.
Sa; 505

By assumption (3), we have that, for any a; > 0, ¥; (a;;Z;) > 0 and 7lim+\11j (ai;6;) < 0. Further,
9j->0

the envelope theorem implies that ¥; is a monotone function. Let éj < Z; be the highest value of

éj for which there exists a; so that ¥; (ai; éj) < 0. Consider the case where 9} < éj and let a; (9})

be implicitly defined by the equation ¥; (di (éj) ;9_]-) = 0. Intuitively, for any a; < a; (éj), the set

{aj 105, (a;,a) —aj < 0} # 0 (and therefore there exists at least one solution to the equation

a; = 00 (ai,a;j)). In turn, when a; > a; (6;), 0;¢ (a;, aj) > a; for all a; < 6; and hence audience

“Note that the proof of Proposition 1 is general and works not only for the laissez faire policy but also under the
sequentially rational ERP I'*.
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j investors’ best response is given by af (a;) = 6;. For the case where 6; > éj, we let a; (éj) =0,
and therefore for any a; > 0 = a; (H_j), af (a;) = H_j.

Suppose that a; < ; (f;) and therefore that af& (a;) < ;. 1 first show that af (+) is strictly
monotone and strictly convex over this region. Indeed, for any a; < a; (9]-), af (a;) is the smallest
solution to the equation a; = 6;¢; (a;,a;). Under assumption (2), ¢ (-,-) is a convex function,

and hence it is differentiable almost everywhere. The fact that F,, admits a monotone density (by
assumption (2)), further implies that ¢ (-,-) is twice differentiable almost everywhere. We must
then have that )
0. (d—a —a # (a
) o;f., (d a; — a; ) (1 + dg,a} (a,))
dg,al (a;) = — , (29)
’ #
1—9jfw (d—ai—aj)

where d,, and di_ represent the first and second derivative with respect to a;, respectively. The

convexity of 8¢ (a;, a;) — a; in aj, coupled with the facts that (8¢ (a;,a;) — a;) }a'—O > ( and that
_ " =

a; < a; (Gj), jointly imply that the function 6;¢ (a;, aj) —a; crosses 0, for the first time, from positive

to negative at af (a;), and therefore must have a nonpositive slope (except for the case wherein

a; = a; (éj) in which case éjgo (di (H_j) ,aj) — a; is tangent at 0). Thus, éjfw (d —a; — a}# (ai)) <1

with equality only for a; = a; (6;). From (29), we conclude that a;% (+) is a convex function for any
a; < a; (éj). This completes the proof of the claim. H

Next, define
A; (ai;g) =0, (ai,a;-éé (ai;gj)) — aj;.

Note, in particular, that A (ai; 5) = éigo (ai,éj) — a; for any a; > a; (9}). We are interested in

ay (5) :inf{aiEO:A<ai;§) §O}.

9_1## (G_j) = sup {H_i >0:da; <ay (éj) s.t.A (ai;g) < 0} .

characterizing

Define

The monotonicity of A; in 6; implies that 91# # (éj) is well-defined.

Claim 4. a (-, 9}) is strictly monotone and strictly convex for any 6; < éi## (9}), whereas a (éi, 9j) =
g; for any 6; > él## (éj).

Proof of Claim 4. Consider any ; < éz%# (éj). By definition of 071## (éj), we must have that
al (5) < Gy (éj) Furthermore, a} (5) is the point at which A; (ai; 9_> crosses 0 for the first time,

1

and it does it from positive to negative. Thus, we have that

o (1) = s o 9) (7). =

and, at the same time,

0; f.o (d —al (5) — a;# (a; (5))) (1 + da,»a?é (a,*)) <1
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The monotonicity of a}# (a;) then implies that

it (- at (8) —a? (a2 (7)) <1. 1)

Further, the monotonicity of A; in ;, implies that a} (5 éj) is monotone in 6;.
Next, we prove that for any 6; < 9;## (Gj), ay
differentiate (30) twice to obtain

(5 is strictly convex in ;. To see this, we

—)

diaf — 2fw< —ar —af( )) (1+daz al (a f)) dg,a; <9>
+0ifu (4= i — af (@) <d2 a (0) +daaf (@) (dgaf @)2)
—@f&( —a _af( z)) <1+d(h a? (a *)) (déia? <§)>2,

where dg, and d%_ represent the first and second derivative with respect to ;, respectively. Using
inequality (31) and assumption (2), we conclude that, for any 6; < 9## (6;), d2 a; > 0.

Finally, we argue that for any 6; > 9## (0-), ay (0) = #;. Consider any 6; > 91## (éj). By

)

definition, a; (éj) is not a function of 6; and further satisfies ai\lf (al,éj) i (5)) = 0. This
a;=a;(0;
implies that 6, f,, (d —a; — aj# (&i)) = 1. Assumption (2) then implies that, if we define
; (al,a]ﬁ)zé (1—F,(d—a; —aj)) —aj,
then
0. — (d— ;) — ¥, (a a? (d)é = 9, (d- d—d'é_?-) W, (&0_)
yi 1 ] (3 7 1)1y V) i (3 1Y) ] (2R}
d—a;
i 0
= 5 0;) dz
/#(a)aajw (a s )
d—a;
= / (ijw (d—di —JZ) — 1)da:
a” (a;)
>0
> 0.
We conclude that, for any éj,
a; (éj) >d—9_j—|—\I/j (dl,éj) Zd—éj. (32)

That 6; > él## (éj) implies that A (di;g) > 0. This means that 6; > ;¢ <€Li,a;-éé (di)) > a;.
Now, recall that, for any a; > a; (O_j), a;# (a;) = 0;. This fact coupled with inequality (32) jointly
imply that, for any a; > a; (éj), A; (ai; 5) = 0; — a;. We conclude that for any a; € (&i (éj) ,52-),

A; (ai; 5) > 0. Thus, the first and only point at which A; reaches 0 is at a; = 6;. We conclude that
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ay (5) =, for any 0 where 0; > éz# # (éj) . This completes the proof of the claim. H

Finally, we argue that, for any g, <af, af (a;*)) corresponds to the smallest solution of (12) and

therefore corresponds to our notion of equilibrium. That is, (a;k (), a;(é)) = (a;(é), a#(af(é)))

Indeed, the definition of a;% implies that, taking a} < a; as given, a}éﬁ (a}) is the smallest solution to

0;¢ (az*, a}éé (a*)) = af& (af), implying both the optimality of audience j investors’ action and the

K3 K3

adversarial selection. Similarly, whenever a¥ < ;, we have ;¢ (af,af (aj)) = a;. The convexity

of B (-, a}% (a*)) — -, coupled with inequality (31) implies that a} is the first crossing and hence

1

also corresponds to the adversarial selection.

—

That a;(f) has the properties stated in the proposition follows directly from claim 4. The
definition of 9_2## (6;) implies that, for any 6; > 9_2## (65), a}# (af (0;,6;)) = ;. That aj(g) =
a#(a*

j \7
claims 3 and 4. . This concludes the proof of the proposition. [

(§)) is strictly monotone and strictly convex for any 6; < él# # (éj) follows from combining

Proof of Theorem 2.

The proof is analogous to the proof of Theorem 1, and hence omitted.
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Internet Appendix (Not for Publication)

This document contains proofs and additional results for the manuscript “Persuading Multiple Audi-
ences: An Information Design Approach to Banking Regulation”. All numbered items (i.e., sections,
subsections, lemmas, conditions, propositions, and equations) in this document contain the prefix
“S”. Any numbered reference without the prefix “S” refers to an item in the main text. Please refer
to the main text for notation and definitions. The notation and definitions are the same as in the

main text.

Section S1: Omitted Proofs for Section 5.1

The solution to the regulator’s problem is characterized by the binary-monotone policy I'Y =
({G, B}, 7%), which satisfies 7% {G|w} = Hw > &™T (P)}, where @*5T(P) is the smallest lig-
uidity cutoff such that when ST creditors learn that the liquidity is above the cutoff, it becomes

dominant to rollover.*® That is,
SST(P) = inf {w >0:E {Au (ﬁ, P, 1) w > w} > o} . (33)

Assume the firm raises Pay during the fund-raising stage. For any announcement m,, € M,,, let
FI™ (.|my,) be the posterior cdf characterizing the beliefs about w. Denote by E {Au (5, Pan, 1) |mw}
the expected posterior utility of an ST creditor who observes the announcement m,, and believes
that all ST creditors will run on the firm. Under adversarial coordination, when ST creditors have
homogeneous beliefs, the regulator’s task reduces to convincing ST creditors that rolling over is a
dominant strategy. That is, that their expected payoff from rolling over is positive, even if all other
ST creditors run.

Every score m* = m® generates a posterior expected adversarial utility (PEAU), E {Au (5, Paw, 1) ]mw}.
Denote by GI' the distribution of PEAU induced by stress test ', and let Gy (+; P) be the distribu-
tion induced by the full-disclosure policy (i.e., the policy that follows the rule I', = {M* = Q, 7§ },
with 7¢ (m¥|w) = 1{m* = w}).

The next proposition shows that the problem of finding the optimal stress test is equivalent to
finding the distribution of posterior expected adversarial utilities that maximizes the mass assigned
to the event {w: E (u(w+ P,1)|m*) > 0}. Intuitively, under adversarial coordination, when ST
creditors have homogenous beliefs, the regulator’s task reduces to convincing ST creditors that it is

dominant to rollover. That is, that their expected payoff if they rollover the firm’s debt is positive,

#SRigorously, the problem does not admit an optimal policy. If the regulator announces that w > @ (P), then under
adversarial coordination, all ST creditors run on the firm because E (u (w + P,1) |w > @ (P)) = 0. Nonetheless, the
regulator can guarantee herself a payoff arbitrarily close to that induced by I'Y. With abuse of notation, I refer to
T'Y as the optimal policy.

46Inostroza and Pavan (2019) show, in an environment with heterogeneous beliefs, that the optimal disclosure
perfectly coordinates ST creditors’ actions. The current specifications capture the perfect coordination property while
simplifying the intricacies of characterizing the optimal policy in the richer environment.
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even if the rest of ST creditors choose to run on the firm.4’

Proposition S1. Fiz P > 0. The stress test that maximizes the regulator’s payoff which solves

Fw:I{I}rEz:),{Mw} E (Wo (1‘_1 (P, mw)) 1{w+P2A(P,mw)}>

st: A(P,m¥) =1{E (u(w+ P,1)|m*) <0},

is characterized by the distribution of posterior expected adversarial utility, G* , which among all
mean preserving contractions of the full-disclosure distribution, G%p, mazimizes 1 — G (0). That
18,

max 1 -G (0)

G
w
s.t: GYp =ups GT .

Proof. Below I prove a sequence of lemmas that induce the result.
Lemma S1. Fiz the amount raised by the firm, P > 0. The problem of designing a stress test

that maximizes the requlator’s payoff :

max E (Wo (A(P,m¥)) 1{w+pzA<P,mw>}>

T ={ne, M}
st: A(P,m¥) =1{E (u(w+ P,1)|m*) <0},

is equivalent to mazimizing the probability that ST creditors find it dominant to rollover (i.e., maz-

imizing P{E (u(w+ P,1);T%) > 0} ). The regulator’s problem can thus be written as

max / H{E (u(w+ P, 1) |m¥) > 0} ¥ (dm” |w) F**(dw). (34)
[w={mv, M“} JQx M

Proof. Consider an arbitrary stress test I'Y = {7%, M“}. Assume that there exists some score m

for which (i) A(P,m) =1, and (ii)
P{w:w+ P >1 and 7 (m|w) > 0} > 0.

That is, score m induces all ST creditors to withdraw early and satisfies that the set of realizations of

“"Inostroza and Pavan (2019) show, in an environment with heterogeneous beliefs, that the optimal disclosure
policy perfectly coordinates ST creditors actions. The current model can be modified to accommodate heterogeneous
beliefs. The specification in the current model retains the same qualitative properties as the former paper (e.g.,
perfect coordination of ST creditors) while simplifying the intrincancies of characterizing the optimal policy in the
richer environment.
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w for which the firm survives even if all ST creditors withdraw early, has positive measure. Consider
then the aAMernative policy [w = {fr”,M “v=M“U {mo,ml}} constructed as follows. For any
m € M* different from m, 7% (m|-) = 7 (m|-). Additionally, 7 (mg|lw) = 7 (M|w) 1,1 p>1} and
7 (Mmilw) = 7 (M|w) 1,4 p<y for all w € Q. Policy I improves the probability that the firm
survives and decreases the number of ST creditors who run when observing message mg . Therefore,

' weakly dominates I'Y. As a result, assuming that the optimal policy maximizes the probability

that ST creditors refrain from attacking is without loss. O

The next lemma shows that the distribution of posterior expected adversarial utilities induced
by stress test T, G, corresponds to a mean-preserving contraction of the distribution associated
with the full-disclosure policy I'ypy, Gfp, and a mean-preserving spread of the no-disclosure policy,

Ga’. That is, Gyp =mps G =mps G%}, where the partial order >=jipg is defined as follows.

Definition 3. Let F' and G be distribution functions with support in X C R. We say that F
dominates G in the MPS order, F =yps G, if [y o(2)F(dz) > [y p(x)G(dx) for any convex

function ¢ in X.

Lemma S2. [Blackwell] Let I'Y = (MY, 7{) and Ty = (MY, 75') be two stress tests. Assume
that there exists z : M{’ x M§ — [0,1] such that:

(i) w5 (melw) = 3 ppe 2 (M1, mo) 7Y’ (Malw) , Vw € [0,1],Vmg € My’

(ii) ZM; z(mi,mo) =1, ¥Ymy € My.

Then the distributions of posterior expected adversarial utility induced by I'{ and I'§ are such
that GI'T =y\pg G2

Proof. Let f™ € A[0, 1] be the posterior pdf after observing message m; € M

¥, and 7w (m;) =

[ 7 (my|w) f¢(w)dw the total probability of observing disclosure m;, under policy I'¥, i € {1,2}.

Observe that bayesian updating together with property (i) imply that, for any message mo € MY

with 7§ (mso) > 0, we have

= 3 (T e

w
m1€My w3 (m2)

This implies that, for any convex function ¢,

> wome([urmew) = X apme| 3 (Lmml) e

mo€MY mo€MY myEMy 0

Z Z Wf(ml)z(ml,mz)SO</01me1(w)dw>

WQEMLQJJ mi EM{‘)

= Y weme( [ wrmea),

m1EMf

IN
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where the inequality obtains from Jensen’s inequality and the last equality from property (ii). As a
result, G'1 >=ypg G2 . O

Lemma S2 shows that stress tests that are more informative in the Blackwell sense induce
distributions of posterior expected adversarial utilities that dominate in the MPS order. As a
result, Ggp =mps G =ups G‘Q".

Consider then the problem of maximizing the likelihood that ST creditors keep pledging to the

firm. Using lemmas S1 and S2, the policy-maker’s problem can be reformulated as maximizing
P{E (u(w+ P,1);T%) >0} =1 -G (0; P)
among all possible disclosure policies over w. That is,

max 1-GM(0)
GT?¥

s.t: GUF)D >MPS G™.

This concludes the proof of Proposition S1. [J
Next, for any stress test 'Y, and any amount P > 0 raised by the firm in period 1, define the
integral function G'~ (t; P) = fgzu(O,P,l) G (@; P)du. Let G¥, and gg be the integral functions
associated with the full-disclosure policy, I'fp, and no-disclosure policy, I'j’, respectively. The set
of feasible stress tests ', coincides with the set of convex functions that lie between Gg, and gg; .
Lemma S3. Consider an arbitrary stress test . Then, GV~ (t; P) is convex and satisfies
wo(t) > Gt > Gy (t) for allt € [u(P,1),u(l + P,1)]. Conversely, any convex function h(-),
satisfying Gpp(t) > h(t) > G5 (t) for allt € [u(0, P,1),u(1, P,1)] corresponds to the integral function

of some disclosure policy I'V.

Proof. Under full-disclosure, each disclosure m*® = w generates a degenerate posterior distribution
with a mass of 1 at u (w, P, 1), which also coincides with the posterior expected adversarial utility

induced by m®. As a result, G¢p, (¢; P) = fi(o P1) G%p (u; P) da, where

N u Juw (u_l (2; P, 1))
o (u; P :/ dz
D ( ) u(0,P,A=1) 8wu (uil (Z’ Pa 1) > Ty ]-)

corresponds to the distribution of u(w, P, 1) under full-disclosure. Next, notice that under no-
disclosure, the posterior mean remains unchanged and equal to E (u (w + P, 1) [}). Thus, Gj'(t; P) =
fzf(O,P,l) 1{a > E (u(w, P,1)|0)} da. To save on notation, hereafter we will omit the dependence on
P of all disclosure policies and associated distributions.

Any disclosure policy I'“ induces an integral function G'"(t) = fi(o P1) G (@)da. That
G¥p =mps GU7 =uips Gy implies that G (t) > Gt > Gy (t) for all t € [u(P,1),u(l + P,1)],
which can be seen from applying the definition of =ppg to the convex function max {w —¢,0}.

w . . w . . .
Moreover, G'™ is convex since G~ is non-decreasing. Conversely, any non-decreasing, convex func-
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Figure 4: Optimal Stress Test.

tion h in [u(P,1),u(1 + P, 1)], which satisfies that G, (t) > h(t) > G§'(t) can be induced by some
policy I'. To see this note that h is differentiable almost everywhere and its right derivative is
always well-defined since it is convex. Let G (u) = h’ (a1) be the right-derivative of h at %. Observe
next that lim G (@) = 1, and thus G is a distribution. Finally, note that G, is a mean-preserving
spread of g?nd therefore there must exist a policy that induces it by Strassen’s Theorem (See
Theorem 1.5.20 in Miiller and Stoyan (2002)). O

The regulator’s problem is thus equivalent to finding the policy I' which generates the convex
function G, between gy and Gip, with minimal slope at 0. As can be seen from Figure 4, the
solution to the regulator’s problem is thus given by the monotone-binary policy I'Y = ({0,1},7¢)
that satisfies

7. (0lw) = 1{u(w+ P, 1) > a(P)} = l{w > w (P)},

where @(P) corresponds to the point at which G, is tangent to the the (convex) integral function
with minimal slope to the left of 0. The value of u(P) can also be characterized by u(P) =
u (@ (P) + P,1), where @(P) represents the liquidity cutoff defined as*®

wP)=inf{o>0:E(u(w+ P, 1) |jw>x) >0}. (35)

Proposition S2 below summarizes these findings.
Proposition S2. Fiz the amount of capital P > 0. Then, the optimal stress test T'Y [P]
consists of a monotone pass-fail test with cutoff w (P), such that T'Y(P) = ({0,1}, 7% [P]), with

72 (0lw; P) = 1yy>e(p)y- The cutoff w(+) is non-increasing with P.

48To see this, note that the policy I' induces a distribution of posterior means G'% which assigns positive proba-
bility to only two points, which coincide with the points at which G'* changes slope. To see that the first point at

which GT+ changes slope coincides with
E(u(w+ P 1) |w < o(P)),

note that the tangency condition implies that G'* (@(P)) = G¥p (@(P)), where the RHS equals F* (@(P)).
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Section S2: The case with N > 2 Audiences.

Consider the case with IV > 2 audiences. The analysis in the main text imply that, at any equilib-
rium, investors’ action depend on the prior F' only through the vector of prior expectations E {9_}

and are given by

ai (B{6}) = E{0.)e (ai(E6)),0;(E(6)))
— E{6;} (1 —F, (d — al(E{6)}) — a*,i(E{é})» L Vie {1, N} (36)

where a* ; (E {é}) = Zjﬁ a}‘ (IE {é})
7.1 Convexity and Stability

We show that, under adverse market conditions as captured by assumption (2), the complementari-
ties between audiences lead to optimal actions which are convex in the expected fundamentals of the
economy. Fix an audience i € {1,..., N} and, to ease notation, let §; = E{6;} and §_; = E{0_;},
ie{l,...,N}.

As in the baseline model, there may be multiple outcome profiles consistent with equilibrium
play. Indeed, the system (36) may have multiple solutions. We restrict attention henceforth to
stable equilibria (Dixit (1986)).

Definition 4. [STABILITY| The outcome profile @ = (a;,a—;) is a stable equilibrium of the game if

it solves (36) and, in addition, satisfies*’

N
(Z 91> fw (d — a; — a_i) < 1. (37)
i=1

Proposition 8. Suppose assumption 2) holds and that f, is continuous. Then, in any stable
equilibrium, for any i € {1,..., N}, and any 0_;, there exists 9;## (é_,-) < Z;, such that (a) for any
0; < 6_71## (é_i), and any j # 1, aj» (', é_i) is both strictly increasing and strictly convex in 0;, whereas
(b) for any 0; > é;## (65), a; (6:,0;) = 6;.

“9The assumption that @ satisfies (37) implies inequality (36-v) in (Dixit (1986)). Indeed, define i = ij;gi =
0:ifo(d—ai—a—;)—1and B = 52U =6,f., (d—a; — a_;) . Then,

a_;0a;
N N N
Bi o ILn (a = Bi) + 2250 Billyzi (a5 — B;)
P TE T T, (o — 50
()N + (DY (T 0) Lo (d - ai - ay)
- =k

= 1—(291> fw(d—ai—aﬂ').
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Proof. Under assumptions (2), ¢ (-) is a convex function, and hence it is differentiable almost ev-
erywhere, for all 7 € {1,..., N}. We must then have

dg.af = ¢(aj,a*;) +0; (0ip (af,a*;) dg.ai + (O_ip (a],a*;) ,d(;ia*_i>) ,

= ¢ (al,a*;) +0;f, (d—a} —a*,) Zd@_a; Vie{l,..,N} (38)
=1

where dj, represents the derivative with respect to 0; (ie 0; the partial derivative against

0 do; )
A; (e, BiAi)’ V_; is the vector of partial derivatives against A_;, and (-,-) represents the inner

product in RV~1. Similarly,
dgjaz< = él (&gp (a;-k, a*,z) dgja;k + <V_i(,0 (a;-k, aii) 7d§jaii>) s
N
= 0;f, (d —a — a*_i) <Z dgja}i,) (39)
k=1

Using (38) and (39), we conclude that

N
* 90 (a;7aii)
dpa’ = > 0,
Z = (ziNzl 9) fold—a;i—a_)

with strict inequality whenever a; + a*; < d. The inequality follows from the fact that (a;“, a*_i) is

stable. Equalities (38) and (39) then imply that a} (6;,6_;) is nondecreasing in (6;,0—;).
Next, differentiang (38) once more with respect to f;, we obtain that, for all i € {1, ..., N},

Gai = 2(Vp,dpa") + 0 (Ve (a,a}) a2 @) + (dg,a) " (Hi) (d5,7))

N
= 2fw( —a; —a* Zdza
7=1

2
N
+0; | fu (d—af —a*;) Z d%ia; — fi(d—aj —a*y) Z dg,a; . (40)
j=1 j=1
where d2 represents the secord-order derivative with respect to 6; (i.e., ;92) Similarly, for any
j # i, we can show that,
* n * * * s\ T —k
d%iaj = 0 (<V<,0 (aj,a_j) ,dgia > + (dgia ) (Hep) (dgia )) .
N N 2
= 0 | fo(d—aj —a%) [ D d3 a5 | = £, (d—aj —a;) [ D dga . (41)
j=1 j=1
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Using (40) and (41), we obtain that

2 (d— 0 —a%) (T, dgas) — (SX0) 2 (0 — a7 —a2,) (S, dga3)’
1- (Zi\il éz) fw (d — a; — a—i)

N
— * —
Zdé’iaj -

Jj=1

> 0,

with strict inequality whenever af + a*; < d. The inequality obtains from assumption (2) and the
fact that (a;‘, a’ii) is stable. The result then follows from the continuity of f,, and the monotonicity

of the optimal strategies. O
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